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INTEGRAL INEQUALITIES FOR DIFFERENTIABLE
HARMONICALLY (s,m)-PREINVEX FUNCTIONS
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ABSTRACT. In this paper, we define a new generalized class of preinvex
functions which includes harmonically (s, m)-convex functions as a special
case and establish a new identity. Using this identity, we introduce some
new integral inequalities for harmonically (s, m)-preinvex functions.
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1. Introduction

In this section, we recall some basic concepts, properties and results in the convex
analysis. For more details, see [1l 2] and the references therein. Let K be a set
in the finite dimensional Euclidean space R™,whose inner product and norm are
denoted by (.,.) and |.|| respectively.

Definition 1.1. A set K in R” is said to be a convex set, if and only if|
(I-thu+tve K, forallu,v € K,t €]0,1].
Definition 1.2. A function f on the convex set K is said to be a convex function
if and only if
f(A=tu+to) <A —=t)f(u)+tf(v), forallu,v € K,t €][0,1].

For the differentiable convex function, we have the following interesting result.
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Theorem 1.3. [3] Let K be a nonempty convex set in R™, and let f be a
differentiable conver function on the set K. Then u € K is the minimum of f
if and only if u € K satisfies the inequality

(f'(u),v—u) >0, forallve€ K.
Definition 1.4. [4] A set K, C R is said to be invex set with respect to the
bifunction 7(.,.) if and only if
z+1tn(y,z) € Ky, forallz,y e K,, te[0,1].
The invex set K, is also called n-connected set. Note that, if n(b,a) = b — a,

then invex set becomes the convex set. Clearly, every convex set is an invex set
but converse is not true in general.

Definition 1.5. [5] Let K, be an invex set in R. Then, a function f : R — R is
said to be preinvex function with respect to the bifunction 7(.,.) if and only if

fl@t+tn(y,z) < (L =t)f(x) +tf(y) forall z,y € Ky, t €[0,1].
Theorem 1.6. [0] Let K, be an invex set in R and let f be a differentiable
preinver function on set K,. Then u € K, is the minimum of f if and only if
u € K, satisfies the inequality

(f'(u),n(v,u)) >0, forallv € K,.

Definition 1.7. [7] A set K;, C R/{0} — R is said to be a harmonically convex
set if and only if
uv

v+ t(u —v)
Definition 1.8. [7] A function f : K} C R/{0} — R is said to be harmonically
convex function if and only if

ry
— | < (1 -t t ll K, te|0,1].
F(riy, ) < - 07@ 4400, forall sy €Ki t€ 0.1
Definition 1.9. [8] The function f : I C (0,00) — R is said to be harmonically
(s, m)-convex in second sense, where s € (0,1] and m € (0, 1] if

maxy ) t

Flritegs) = 1+ 5™ < 67(@) +m(1 =07 )
Vz,y € I and t € [0,1].

my
Remark 1.1. Note that for s = 1, (s, m)-convexity reduces to harmonically m-
convexity and for m = 1, harmonically (s, m)-convexity reduces to harmonically
s-convexity in second sense and for s, = 1, harmonically (s, m)-convexity
reduces to ordinary harmonically convexity .
Definition 1.10. [9] A set I = [a,a+7n(b,a)] C R/{0} is said to be a harmonic
invex set with respect to the bifunction 7n(,) if and only if

z(z +n(y,z))
z+ (1= t)n(y, v)

€ Ky, forallu,ve Kp, t€]0,1].

el, forallxz,yel, tel0,1]
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Definition 1.11. [I] Let & : [0,1] € J — R be a non-negative function. A
function f : I — [a,a + n(b,a)] € R/{0} — R is relative harmonic preinvex
function with respect to an arbitrary nonnegative function h and an arbitrary
bifunction n(,) if

z(x +n(y,z))
d <x + (1 =t)n(y, )

) <h(l—t)f(x)+h@)f(y), forallz,yecl, te]|0,1]

2. Main Results

Now, we define the class of harmonically (s, m)-preinvex functions which is mo-

tivated by the definition of harmonically (s,m)-convex functions defined by I.
A. Baloch et al. [§].

Definition 2.1. A function f : [a,a + n(b,a)] € R/{0} — R is said to be
harmonically (s, m)-preinvex functions with respect to the bifunction 7(,), if

z(x+n(my,x)\ _ . (1 1—t \' .
f(Ht??(myvx))_f<x+x+n(my,x)) <t f(x) + m(l —t)°f(y)
for all z,y € [a,a + n(b,a)], with x < my, t € [0,1], s € (0,1], m € (0, 1].

Note that, if n(y, ) = y—=z, then harmonic (s, m)-preinvexity reduce to harmonic
(s, m)-convexity.

We need the following identity, which plays an important role in the derivations
of our main results.

Lemma 2.2. Let f: [a,a + n(mb,a)] CR/{0} — R be a differentiable function
on the interior of I° of I. If f' € [a,a 4+ n(mb,a)] and X € [0,1], then

Ys(a,a+n(mb,a); \)

_ala+n(mb,a))n(mb,a) 2 A — 2t , [ala+n(mb,a))
N 2 [/0 (a +tn(mb,a))? <a+t77(mb7a) )dt

Yo2-2t—X  , (ala+n(mb,a))
+/§ (a+tn(mb,a))2f ( a+ tn(mb, a) )dt]

Yy(a,a+ n(mb,a); \)
1N/ (2a(a + n(mb, a))> i {f(a) + f(a + n(mb, a))}

where

2a + n(mb, a) 2
2a(a + n(mb, a)) /a+m"(b’“) f(z)
_— dx

n(mb, a) a a?

Proof. Integrating by parts, we have

_ala+n(mba)g(mba) [*  A=2t ., (a(a+n(mba))
L= 2 /0 (a + tn(mb, a))? (a—&-tn(mbﬂz) )dt
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1—=X, (2a(a+n(mb,a)) A
15 (B & 2 -t n(mb,a)

z a(a + n(mb,a))
_/0 f( a + tn(mb, a) )dt’
and

_a(a,a+n(mb,a))n(b,a) Lot —24 , {ala+n(mb,a))
2= L1 ( )a

2 a + tn(mb, a))? a + tn(mb, a)
1 —)\f (2a(a+n(mb,a))> N %f(a) —/;f (a(a+77(mb,a))> @t

2 2a + n(mb, a) x + tn(mb, a)
Thus
L+ 1
2a(a + n(mb, a)) fa) + f(a+n(mb,a))
=(1-A A
(1=Af ( 2a + n(mb, a) * 2
2a(a + n(mb, a)) / atmn®e) f(x)
- dx
n(mb, a) a z?
which is the required result. O

Theorem 2.3. Let f : [a,a+n(mb,a)] CR/{0} = R be a differentiable function
on the interior I° of I. If f € la,a + n(mb,a)] and |f'|? is harmonic (s,m)-
preinvex function on I for ¢ > 1 and A € [0,1], then

[T¢(a,a+n(mb,a); A

< a(a + n(mb, a))n(mb, a)

= 2 01(a,b: ) {oz(a, b A, 9)| £ (0)]°

+mas(a, by A, 5)| f/(b)|7} 7
Fou(a,b; N T {os(a, b A, 8)| f/(a)|7 + mas(a, b A, 8)| £/ ()|} 7,

where one can evaluate these integrals using any mathematical software (i.e
maple).

5 _

A — 2t
o [P =2
O—l(aub’)\) /0\ (a+t7](mb7a))2 7

A= 2t(1—1)°
oa(a, b; A, s) /0 (a+ tn(mb,a))?’

3 ‘)\—2t|ts
0'3(@7 ) 78) /O (a+t77(mb7a’))2’

1
L |2 — 2t — A
oa(a,bi \) = / st

T 2-2t— \|(1—t)°
NIOWENES
tade) = [
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N

1

P A
(b A s) = [ A= 2
7o(a b5, 5) /o(a‘H??(mbva))Q

Proof. Using Lemma and the power mean inequality, we have
T ¢(a,a+n(mb,a); A)|

a(a + n(mb, a))n(mb, a) B A — 2¢| , (ala+ n(mb,a))
= 2 /0 (a + tn(mb,a))? ( a + tn(mb, a) >’dt

’ / armmar | Cernma )|
< a(a+77(mb72a))n(mb, a) (/0é - Jjﬁ(‘nj;’ a))Zdt>1_;
([ i (e )

([ Qoo (et )

q q
a + tn(mb, a) dt)

1 1-1
afa+n(mb,a)na) ( [F -2 “
= 2 (/0 (a + tn(mb,a))? dt)

1

q

2 |>\72t‘ S| gl 94 (1 — )| q
(/ e e GUACIERERIC) }dt)

Lo j2—2t— ) '
+</é (a+tn(mb,a))2>

IM s /a q m(l — ) / q
. (/é (ot o L @ +m =7 f0) }dt>

1
q

- A ACmb D) 5, (4, 1:0)' (2(a b5, 5)L (@)

+mas(a, b A, s)| f/(b)|7} 7
ou(a, b ) {o5(a,b; A, 8)| f(@)|9 + mog(a, b A, 5)| £/(B)|7} 7
which is the required result. O

If ¢ = 1, then Theorem [I.6] reduces to the following result, which appears to be
a better new one than already exists.
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Corollary 2.4. Let f : [a,a+n(mb,a)] C R/{0} — R be a differentiable function
on the interior of I° of I. If f' € [a,a + n(mb,a)] and |f'| is harmonic (s,m)-
preinvex function on I and A € [0,1], then

|Tf(a7 a+ Tl(mb, a); )‘)|

< ala+ n(mbéa))n(mb, a) {o2(a,b; A, s) + mos(a,b; A, s)} f'(a)]

+{os(a,b; A, s) +mag(a, by A, s) (D)1,
where oa(a,b; A, 8), os(a,b; N\, s), o5(a,b; A, s), gg(a,b; A, s) are given as in The-
orem [1.0.

Theorem 2.5. Let f : [a,a+n(mb,a)] CR/{0} — R be a differentiable function
on the interior of I° of I. If f' € [a,a + n(mb,a)] and |f'|? is harmonic (s, m)-
preinvex function on I for p,q > 1, % + % =1 and X € [0,1], then

I s (a, a4+ n(mb,a); N)|

< a(a + n(mb, a))n(mb, a)

< . (o7(a,b; \,p))7

m

< (10 gl @+ Gl on)

! 1 1 a
Hostatixp)? (Tnlt - Sl O + il @)
where
) e |A —2tP
O'7(a7b7 Aap) - /0 (CL n tn(mb7 a))2pdt7

1
12— 2t — AP
b; A\, p) = .
og(a, b\, p) /% (a + tn(mb, a))?»

Proof. Using Lemma 2.2 and Holder’s integral inequality, we have
T s(a,a+ n(mb,a); A)|

a(a + n(mb, a))n(mb, a) B A — 2¢|
= 2 /0 (a + tn(mb, a))?

), w4

a + tn(mb, a)
a(a,a + n(mb, a))n(mb, a) B |A — 2t|P ’
. ( / ))zpdt>

()|

- 2 (a + tn(mb,a

1 @ \7
></ dt
0

I (a(a + n(mb, a)))

a + tn(mb, a)
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Lo2—2t— AP v 1
+</ <a+tn<mb,a>>2pdt> (/ dt)

a(a + n(mb,a))n(b, a) 3 A — 2t »
) 2 </ (a+ t(mb. a)? dt)
x ( [ twls @i+ mo - t)slf’(b)|‘1}dt>
0

Lo2—2t—\p R e e
+</5 (a-l—tn(mb,a))?Pdt) (A {°1' (@) +m(1=)°|f(b)] }dt>

_ ala+n(mb, a))n(mb, a) (/% A — 2t dt) :
o (

2 a + tn(mb, a))?P

Q=

I (a(a + n(mb, a)))

a + tn(mb, a)

Q=

< (10 gl @+ mair oM )

. /1 2—2t—ap v
1 (a+tn(mb,a))?

< (1= SlF O+ Sl @)

The proof completes. 0

Theorem 2.6. Let f : [a,a+n(mb,a)] CR/{0} = R be a differentiable function
on the interior I° of I. If f' € [a,a + n(mb,a)] and |f'|? is harmonic (s, m)-
preinvex function on I for p,q > 1, % + % =1 and X € ]0,1], then

|T ¢(a,a+n(mb,a); \)]|
a(a+n(mb,a)n(mb,a) (N4 (1= NP\ 7
= 2 . ( 2(p+1) )
x(a9(a,b; X @)|f'(@)|? + maro(a. b X, q) | (D)%)
o ab X 9 f (@] + mora(a, kA Q) (B,

Q= R_l=

where

[N

tS
og(a,b; A, p) —/0 (a+ tn(mb, a))zth
(1—1t)*

dt
a + tn(mb, @))%

1
2
UIO(CL?b;)\ap) :/
o (
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1
tS
b\, p) = dt
o11(a, b; A, p) /é (a + tn(mb, a))?
1
(1-1)°
b\, p) =
o12(a, b; A, p) /é (a + tn(mb, a))?
Proof. Using Lemma [2.2] and the Holder’s integral inequality, we have
Ty (a,a+mn(mb,a); A
/ (a(a-‘rn(mb,a)))

a+tn(mb,a)

(a + tn(mb, a))? di

a(a +n(mb,a))n(mb,a) [*
< . IS

/ 12— 2t — )|

a(a -+ n(mb, a))n(mb, o) ( /% A ztm)
0

= 2
g

(a a+n(mb, a)))
a+tn(mb,a)

dt

(a+ tn(mb, a))?

=

=

a(a+n(mb,a))
y /7 f/(a-l-tgmba))
o | (a+tn(mb,a))?
1 q a
1 = L] fr aéa+n($b’2))
+</ |2—2t—)\|pdt> (/ ( +tn( b,)) dt
1 1
2 2

(CL + t)n(mb, a))Q
< Mot n(mbéa))n(mb’ a) (/02 A — 2t|pdt>

Nl

()19 t* 1(1\1a : -t
X <|f (a)] /o (a+t77(mb,a))2th+m|f (0 /0 (a + tn(mb, a))2

1

1 P
4 (/ |2—2t—/\pdt>

2

)

-

q

1

! q ! t* U q ' (1 — t)s !
X <|f (a)| /é (a+t77(mb, a))qut-‘rmlf (b)| /% (a+tn(mb,a))2th>

_a(a+n(mb,a))n(mb, a) APHL 4 (1 — \)PHE z
B 2 g ( 2(p+1) )

x (a9(a, b5 X, q)| /(@) 7 + maro(a, b; A, )| £/ (b)) 7
+(o11(a, b5\, @) f(@)|9 + mora(a, b A, q)| £/ (b)|9) .



Integral inequalities for differentiable harmonically (s, m)-preinvex functions 33

This completes the proof. O

3. Conclusion

In this paper, we have studied the class of Harmonically (s, m)-preinvex func-
tions which is generalization of Harmonically preinvex functions and have es-
tablished similar results to Hermite-Hadamard inequalities for this class. Class
of functions defined in this paper may stimulate further research in this field.
The interested researchers are encouraged to find the particular examples of new
class of functions presented in this paper.
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