Asian Rescarch Journal 1of
Mathematics

Asian Research Journal of Mathematics

Volume 20, Issue 11, Page 51-60, 2024; Article no.ARJOM.125491
ISSN: 2456-477X

On Some Topological Properties of
C;(X) and of the Dual Operator

Zéphirin N'teba Makala #*, Muaku Mvunzi %,

Rostin Mabela Makengo °f, Alain Musesa Landa °f,

Gérard Tawaba Musian Tayen #, Freddy Tsasa Bakweno ©”,
Lady Nlandu Mabumbi ®# Emilien LO Ranu Londjiringa %,
Camile Likotelo Binene ®** and Cédric Kabeya Tshiseba "

@ Department of Mathematics and Computer Science, Faculty of Science and Technology, National Pedagogical
University, Kinshasa, Democratic Republic of the Congo.

® Department of Mathematics and Computer Science, Faculty of Science and Technology, University of
Kinshasa, Kinshasa, Democratic Republic of the Congo.

¢ Department of Mathematics, Exact Sciences Section, ISP Popokabaka, Bandundu,

Democratic Republic of the Congo.

d Department of Mathematics and Physics, Exact Sciences Section, ISP BUNIA, Ituri,

Democratic Republic of the Congo.

Authors’ contributions

This work was carried out in collaboration among all authors. All authors read and approved the final
manuscript.

Article Information
DOI: https://doi.org/10.9734/arjom/2024/v20i11859

Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and additional Reviewers, peer review
comments, different versions of the manuscript, comments of the editors, etc are available here:
https://www.sdiarticle5.com/review-history/125491

Received: 03/09/2024
Accepted: 05/11/2024
Published: 06/11/2024

Original Research Article

** Doctoral student;

# Faithful Professor;

 Ordinary Professor;

* Professor;

" Work Manager;

# Assistant;

# Associate Professor;

*Corresponding author: Email: camileliko@gmail.com;

Cite as: Makala, Zéphirin N 'teba, Muaku Mvunzi, Rostin Mabela Makengo, Alain Musesa Landa, Gérard Tawaba Musian Tayen, Freddy
Tsasa Bakweno, Lady Nlandu Mabumbi, Emilien LO Ranu Londjiringa, Camile Likotelo Binene, and Cédric Kabeya Tshiseba. 2024. “On
Some Topological Properties of Ch(X) and of the Dual Operator”. Asian Research Journal of Mathematics 20 (11):51-60.
https://doi.org/10.9734/arjom/2024/v20i11859.


https://doi.org/10.9734/arjom/2024/v20i11859
https://www.sdiarticle5.com/review-history/125491

Makala et al.; Asian Res. J. Math., vol. 20, no. 11, pp. 51-60, 2024; Article no.ARJOM.125491

Abstract

The hypo-topology on the algebra C(X) of real-valued continuous functions defined on a Tychonoff space 2%
f € C(X) with its hypograph, hypof = {(x,t) € X xR: f(x) = t}. This topology is very useful in the
calculus of variations and in optimization theory (e.g. Maximization problems). We denote C(X) with the
hypo-topology by C;, (X). Our study deals with fundamental properties of these function spaces, and with the
linear operators on them and as well as the characterization of the topological properties of C,(X)in terms of
topological properties of the base space X. We are studying the linear operator between the functional
algebras C,,(X) and the C,(Y). We are primarily concerned with the continuity of the evaluation functional,
the general evaluation and the continuity of the characters of €, (X)before the investigation of the properties
of the dual operator f*of a continuous function f: X — Y. This operator is defined by f*: C,(Y) - C,(X),
where f*(g) = goffor all g € C(Y). The continuity of f*enables us to characterize the continuity of an
algebra homomorphism of the type ¢: C,(Y) — C,(X)for a realcompact space Y. For such a space, we
present a type of Riesz theorm with states that an algebra homomorphism ¢: C,,(Y) — C,(X)is continuous if
and only if there exists a unique hypo-function f:X — Ysuch that ¢ = f*. There after, we give the
equivalence between the properties of fand those of f*. The study of the continuous linear functional on
C,(X) helps us to compute the topological dual space of this algebra. We show here that this dual space is
useful only when the set of isolated points of X is dense.

Keywords: Hypo-topology; hypograph; hypo-function; z-basis.
1 Introduction

For a given 2*¥Tychonoff space X, we denote by the set of all closed subsets of X. The Fell topology on 2%is
defined by the open subbases of the form

U ={A€e2X:AnU # ¢pletVr ={Ae€2X:AcV}
where U is an open set of X and X\Vis a compact set of X.
Let be f: X — Ra function. We define the hypograph fby

hypof = {(x,t) € XxR: f(x) = t}.
If in addition, fis semicontinuous above (respectively below) hypof € 2X*R,We define the Fell topology on
C(X), called hypo-topology by identifying each f € C(X)with its hypograph. We denote C(X) equipped with
the hypo-topology by C, (X).

An element of the subbase of the open sets of €}, (X) is of the form

U™ ={f € CX):(hypof) nU # ¢p}et
V* = {f € C(X): (hypof €V}

where U is an open subset of X x R et (X x R)\V is a compact subset of X x R.

For a subset A of X and a subset V of R, we set [4,V] = {f € C(X): f(A) < V}. With this notation, let U be an
open subset of X, K a compact subset of X and £an element of R. We define

[U,¢]” ={f € C(X):3x € U with f(x) > ¢} and
[K,€]" = {f € C(X): f(x) < ¢ for everything x € K}.

In such away, [U, ¢]~ = U{[{x}, (£, +)]:x € U} = (U x (¢, +)) and
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[K, 2] = ((X x R)\(Kx {{’}))Jr = [K, (—o0,£)]. Thus, the sets [U, #]~and [K,£] *are open in the hypo-topology.
Here the intervals (£, +) et (—oo, #)represent the set of real numbers strictly greater than £and strictly less
than frespectively.

2 Results

This paper is an investigation of linear operators between algebras C,(X)et C,,(Y). We are particularly
interested in linear operators between these algebras. We study the continuity of some remarkable functions in
relation to hypo-topology (Arkhangel'skii 1992).

1. Properties of the dual operator. (McCoy and Ntantu 1998, McCoy and Ntantu 1992, McCoy and Ntantu
1995; Ntantu 1990, Gillman and Jerison 1976)

a. Injection of the dual operator
A map f: X — Yis almost surjective if and only if f(x) is a dense subset of Y.
b. Theorem

Let be f: X — Ya continuous function and f*: C,(Y) — C,(X) its dual operator. Then f*is injective if and only
if fis almost surjective.

Evidence

Suppose f*injective. To show that f(x)is dense in Y, suppose the opposite, that is, . f(x) # YLet .y € Y\
f(x)Since Y is completely regular, it exists g € C(Y)such that g(y) = 1 et g(f(x)) = {0}. It follows that,

g(f(x)) = {0}that is, (gof)(x) = {0}.This means that, gof = Othatis, f*(g) = Ox = f*(0y).

From f*(g) = f*(0y)we obtain g = 0ybecause f*is injective. g = 0ycontradicts the construction ofg because
g(¥) =1 = 0. In conclusion we must have f(x) = Yand fis almost surjective.

Conversely, let us assume f that is almost surjective. To see that f*is injective, let g,h € C(Y)such that
f*(g) = f*(h).Let us show that g = h. Let therefore y € f(X). There exists x € Xsuch that

y=f.

From where,g(v) = g(f(x)) = (gof)(x) = f*(9)(x) = f*(R) (x) = (hof)(x)
= h(f(x)) = h(Y).

So g = hon f(X), hence the equality g = hon X.
This being true for everything(g, ) in C(Y)x C(Y), we conclude that f*is injective. [}
2. Surjection of the dual operator

A subset A of a Tychonoff space is c-immersed in X if and only if every continuous and bounded application
f: A — Radmits a continuous extension F: X — R(i.e. f(a) = F(a)forall a € A).

With this notion, we obtain the following result:
3. Theorem 1

Let be f: X — Ya continuous function and f*: C,,(Y) = C,(X) its dual operator.
Then fis surjective if and only if fis a homeomorphism from X to its image f(X) et f(X) is C-imme rgéin Y.
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Evidence

Suppose f*surjective. We first show that fis injective. To do this, let x et x'two elements of X be such that

fQ) = fx).

Let us suppose for the sake of absurdity that x # x'. Since X is completely regular, there exists g € C(X) such
that g(x) = 1et g(x") = 0.

By surjectivity of f*, there exists h € C(Y) such that g = f*(h). Now,1 = g(x) = f*(h)(x) = (hof)(x) =
h(f(x) = h(f(x))

= (hof)(x) = f (W) (x") = g(x") = 0is a contradiction (because 1 # 0). Hence x = x'and fis injective.
Next, to show that f: X — £(X) is a homeomorphism, let us show that f~1: f(x) - f(X)is continuous. Let y, €
f(X). Let us show that f~is continuous at y,.

To do this, let V be a neighborhood of f~1(y,)in X. We must find a neighborhood W of y, in
fX)tel que fTA(W) c V. As y, € f(X), there exists x, € X such that y, = f(x,) . Also, f~1(y,) =
f‘l(f(xo)) = x, and therefore x, € V. As V is a neighborhood of x, in X and X is completely regular, there
exists g € C(X) such thatg(x,) = 0 and g(X\V) = {1}. By the surjectivity of f*, there exists h € C(Y) such
that g = f*(h).

NOW, 0 = g(xo) = f*(R) (%) = (hof)(xo) = h(f (%)) = h(¥o).

By posing W = h~1(0,1) n f(X), we have that W is a neighborhood of y, in f(X). We want to show that
f~Y(W) c V. By calculating f~1(W), we have:

FEW) = FUFX) 0 R71(0,1)]
=f1(f)) nf1(r71(0,1))
=X n (hof)"1[0,1]

= (hof)~1[0,1]

= (F*() "' 10,1)]

To see that f=1(W) c V, either x € F~2(W) = (f*(R) " [0,1]. Sof* (W) (x) € (0,1)
Let us assume by absurdity that x € V. Then x € X\Vand so g(x) = 1by the construction of g.

then turns out that 1 = g(x)f*(h)(x) € (0,1) is a contradiction because 1 € (0,1). Thus x € V. This being true
for all x € f~1(W), we conclude that f~1(W) < Vand f~1is continuous in y,as desired.

But then y,being arbitrary in £(X), f ~tis continuous on £ (X). Therefore fis a homeomorphism from X tof (X).
Finally, it remains to prove that f(x)is C-immersed in Y.

Let be g: f(x) — Ra bounded and continuous function. We must construct a continuous function g*:Y —
R such thatg = g on f(x).

We have the composite: X — f(x) — R, that is to say gof: X - Rwhich is continuous being the composite of 2
continuous functions. f g

So gof € C(X). By the surjectivity of f*, there exists g* € C(Y)such that f*(g*) = gof, that is g*of = gof.
To see that g*is the desired extension, let y € f(x). Then there exists x € X tel que y = f(x).

Hence g(v) = g(f () = (gof)(x) = (g"0f)(x) = g"(f (x) = g* (), for everything y € £ (x).

This means that g = g*sur f(X)et f(X)is C-immersed in Y.
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Conversely, suppose that f: X — f(X)is a homeomorphism such that f(X)is C-immersed in Y. Let us show that
fis surjective. f—l

Let g € C(X).us consider the composite: f(X) - X — Rclearly,

gof~t € C(f(x)). Since f(x)C is immersed in Y, there exists

heC(Y)such ash=gof™* on f(X). We show that g = f(h). Indeed, if x € X, then f(x) € f(X) .
Whenceh(f(x)) = (gof ) (f (%))

= g[f1(f ()] = g(x), that's to sayg (x) = h(f (x)) = (hof)(x)
= f*(h)(x)for everything x € X.

So, we have g = f*(h). This being true for everything g € C(X), f*is surjective. [ |

Theorem 2

£ is bijective if and only if fis a homeomorphism from X onto f(X) and f(X) is dense and C-immersed in Y.
4. The almost surjection of the dual operator. (McCoy and Ntantu 1998, Dobrowolski et al. 1991)

A function f: X — Yis a hypofunction if and only if for any open set V and any compact set K of X we have
f(K)cf(U)y=>KcU.

Any injective application is a hypo-function.
Theorem

Let be f: X — Ya function and f*: C,,(Y) — C,,(X) its dual operator. Then f*is almost surjective if and only if
fis a hypo-function.

Evidence

Suppose that f*is a hypofunction. Let us show that £*(C,(Y))is dense in C,(X). To do this, it suffices to
establish that any open set with a non-empty basis inC;, (X) intersects f*(Ch(Y)). So let

B =[Uy, 8] N..n[Up, 8,1 N [Ky,t]" N ..0 [Kyy, te]Tan open set with a nonempty base in €, (X).
Eitherl = {1, ...,m}et ] = {1, ...,n}. Leti € I. Let us defineJ;, p;, q;, K;, x;et g;

in the following manner. First either/; = {j € J : t; < &;}.

Choisissons p;,q;, in Rsuch that s; < p;et q; < p;, and also such that p; < min{t;:j € J\ J;}if J\J; #
petqg; < min{tj:j E]i} si]j # ¢.
U{Ki:je)siji ¢

Let's askK; = .
(0] sifi# ¢

Since B is not empty, then U; ¢ K;.Since f is a hypo-function, there exists x; € U;\K;such that f (x;) & f(K;).
Finally, let be g;: Y — [q;,p;]a continuous function such that g;(f(x;)) = q; et g;(Y) = p;for all y € f(K}).
We then define g :Y — Rby g(y) = max{g;(y):i € I} for all y € Y. Clearly g € C,,(Y). We will then show
thatf*(g) € B n £*(C, (V).

Let us show that f*(g) € B. For all i € I, we know that (gof)(x;) = g(f(x;)) < g:(f(x;)) = q; > ;.Hence
gof € [U;, 5;] foralli el.
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Now let's takei € 1,j € J et x € K;. If j € J;, then x € K{ ; hence g;(f (x)) € g;(f (k]))and thus g;(f (x)) =
p; < t;;such that g;(f(x)) < q; < t; ; which means that gof € [Kj,tj]+ for all j € J.Hence f*(g) = gof € B.
So BN f*(Ch(Y)) # pand so £*(C,(Y))is dense in C, (Y).

Conversely, suppose that fis not a hypofunction. We will show that f*(Ch(Y))is not dense in C,(Y). Since fis
not a hypofunction, there exists an open set U of X and a compact subset K of X such thatU & K mais

¢(U) € ¢p(K). Let us define B =[U,0]” n[K,0]*which is an open set of C,(X). Let x, € U\K, and be
g:x = [—1,1]a continuous function such that g(x,) = —1and g(x) = 1for all x € K.Then g € B, and thus B #

¢.

Let us show that f*(K) € Bfor all K € C(Y)that is to say that K*(Ch(Y)) N B = ¢.Let us suppose for absurdity
that this is not true . Let then be k € C,,(Y)such thatkof € B.

As kof € [U,0]", there exists x; € Usuch that k(f(x,)) > 0.As f(x,) € f(U) S f(k), there exists such x, €
Kthat f(x;) = f(x,). Hence k(f(xz)) < Obecause kof € [K,0]* ; which contradicts the inequality

k(f(x)) > 0.
So K*(Ch(Y)) N B = ¢pand so K* (C,(Y))is not dense in Cp,(X). |

5. Embedding the dual operator. (McCoy and Ntantu 1998; McCoy and Ntantu 1995, God 1972, Hirsch and
Lacombe 2009, Arkhangel'skii and Ponomarev 1984)

A continuous application f: X — Yis a k-function if and only if every compact set of Y is an image of fa
compact set of X. (That is, vKcompact set of Y, there exists C compact set of X such that K = f(C)).

Theorem

Let be f: X — Ya continuous function and f*: C,(Y) — C,(X)its dual operator. Then f*is an embedding of
C,(Y)in C,(X)if and only if fis a weakly open k-function.

Evidence

LetR = f*(C(Y)). First suppose that f*: C,(Y) — Ris a homeomorphism. By the continuity of f*, fis already
weakly open. It remains to show that fis a k-function. To do this, let A be a compact of X. Since W =
[4, (—o0,1)]is an open neighborhood of 0y, then f*(W)is an open neighborhood of 04in R. There exist
compacts K, K5, ..., K,in X and nonempty open sets U,, U,, ..., Upin X and reals ¢, t, ..., t,, S, S, ..., Spsuch
that

Oy € [Ki, t;]T* NN [Kyp, t,]T N [UL SN o [Upy, Sl N R < f5(w).
Foreach1 <i < n,bex; € U,.
assume k = {x;,x3, ...,x,} UK, U, ...,U K, that is a compact of X. We first show that A c f(K).Indeed,
assuming the opposite, there would exist a € A\f(K). Since Y is a Tychonoff space, there would exist g: Y —
[0,1]a continuous such that

g(a) =1et g(f(K)) = {0}.S0 f*(g) € f*(W) and so it would exist
h €W =[A, (—,1)]such that f*(g) = f*(h). By the injectivity of f*, we will have g = h. From which
g(a) = h(a) < 1on the one hand and, on the other hand by g(a) = 1the construction of g. With this

contradiction, we must have 4 c f(K). Now, by setting C = K n f~1(4), we have a compact of X such that
A = f(C). Therefore fis a k-function.
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For the converse, suppose that f: X — Yis a weakly open k-function. We already know that f*: C,,(Y) =
Cn(X) is continuous by the previous theorem. Also, since fis surjective, f*is injective. By setting R =
f£(€(Y)), we have f*: C,(Y) - R bijective and continuous. To have the desired homeomorphism, we show
that (f*)"%:R — C,(Y) is continuous. For this, let W, = [A;,(—o0,t)] an open set of the subbase of
C,(Y), where A is a compact set of Y and t € R. Let us show that ((f*)~1)"*(W,) is an open set of R. But

((F)™H W) = f~(Wy).

Let g € f*(W,). Then there exists h € W, such that g = f*(h) = hof. Since fis a k-function and A4;is a
compact of Y, there exists C compact of X such that A; = f(C). Theng € RN [C, (=, t)] c f*(W,) show
that f*(W,)is a neighborhood ofg in R. From where f*(W;) is opened from R.

Similarly, let be W, = [U,, S]another open number of the subbase of C,(Y)where U,is a non-empty open
number of Y and S a real number.

Eitherg € ((f)™) 7 (Wy) = f*(W,) = f*(UY, (S, +o0)] : y € U3)
=U f*([Y, (S, +)]). There exists y, € U,such that g € f*([y,, (S, +)]).Let h € [y,, (S, +0)]such that g =

f*(h) = hof. Also, as fis surjective and y, € U, c Y, there exists x, € Xsuch that f(x,) = y, €U,. Then x, €
f~Y(U,). Letus set Wy = [f~1(U,),1]. Then as

g(xo) = h(f(xo)) = h(Yy) > S.S0g € [xy, (S, +) | NR c [f1(U,), S]

NR=W;nNRc f*(W,). For the last inclusion, if £ € W; N R, there exists K € C(Y)such that £ = f*(h) =
hof. £ € W5 = [f~1(U,), S]shows that there exists z € f~*(U,)such that £(z) > S. Nowf(z) € U, et
k = (f(2)) > Simplies that k € [U,,S] = W,.

So, f*(k) € f*(W,)that is to say that £ € f*(W). We obtain the implication W; N R c f*(W,). From g €
f*(W,), we draw

g EW;nR c f*(W;); which means that f*(W,)is a neighborhood of gin Rfor all g € f*(W,). From which
f(W,)is open of R.

In conclusion, (f*)~1: R — €, (Y)is continuous and thus f*: C,(Y) — C,(X)is an extension of C,, (Y)inC,, (X).

It is known (see Dobrowolski et al. 1991) that f*: C,,(Y) — C,(X) is an embedding if and only if f is a
k —function.

6. Homomorphism of algebras. (Gilsinger and Mohammed 2010; McCoy and Ntantu 1998; Auliac and Caby
2005; Dobrowolski and Mogilski 1992, Dobrowolski et al. 1990)

3 Continuity of homomorphisms of algebras
1. Definition

a) An application 1: C(Y) — C(X)is a homomorphism of R —algebras if and only ifA(1y) = 14, A(af + Bg) =
aA(f) + pA(g) et

A(fg) = A(f)A(g)for everything f,g € C(Y)et a, B € R.
Here 1, et 1y are the unit elements of the algebras C(Y)et C(X)respectively.

Tychonoff space X in which every character of C(X) is of the form e, where x € Xis called a full or real
compact space. Among the full spaces, we can cite the compact spaces.

We equip C(Y) and C(X) with the hypo-topology and we obtain the following theorem:
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2) Theorem

Let Y be a full space. An algebra homomorphism A: C,,(Y) — C,(X)is continuous if and only if there exists a
unigque weakly open continuous function f: X — Ysuch that A = f*.

Evidence
If fis continuous, weakly open such that 1 = f*, by Theorem 2, 1 = f*is continuous.

For the converse, let us assume A: C,(Y) — Cp(X)continuous homomorphism of algebras. Let x € X. Since
exol: Cp(Y) — Ris a character of C,(Y)and Y is a full space, there exists Yy € Ysuch that e,01 = ey . We then
define f: X — Yby f(x) = Yyforall x € X.

Now, let g € C(Y). Then A(g) € C(X). From where for all x € X, we have: ex(1(g)) = (exo)(g) =
ey, (9) = e (9) = 9(f (1)) = (gof) (x).

So A(g)(x) = ex(A(g)) = (gof )(x)that is to say that A(g) = gof = f*(g)for all g € C(Y). This shows that
A=f*.

Moreover, since Y is completely regular and gof = A(g) € C(X)forall g € C(Y), then fbecomes continuous.
Finally, the uniqueness of ffollows from the fact that C (Y)separates the points of Y. Also, by the continuity of
A= f*, fis weakly open.

3. Topological Dual OFC,(X). (Cauty et al. 1993; Fell 1992; El-Fattah eta I. 2002; McCoy and Ntantu 1998;
Arenas 19999; Beer and Kenderov 1989)

3.1 The weak hypo-topology ofCp (X)

Although C,(X)is not in general a topological vector space, we can however speak of its topological dual
Cr(X) by considering Cp(X) = {A: C,(X) = R/Ais linear and continuous}. The smallest (in the sense of
inclusion) topology on C(X) that makes every element of continuous Cy,(X)is denoted by Cs(X)and is called the
weak hypo-topology. This topology is useful only for spaces X having dense isolated points.

We now take topological spaces X whose set of isolated points I.is dense in X. For x € X, we consider the
multiplicative linear form e,:C(X) — Rdefined by ex(f) = f(x)for all f € C(X). Then the weak hypo-
topology is generated by theey Or x € I.

An element of the subbase of open sets is of the form [4, V]where A is a finite subset of Iyand V is an open set
of R. It is clear that C;(X)is the topology of simple convergence on isolated points of X.

We can also consider Cg(X)as a locally convex vector space whose topology is generated by the semi-norm
pa: C(X) — Rdefined by p,(f) = sup{|f (x)]: x € A}where A is a finite subset of I,. A basic neighborhood of

fin Cs(X)is of the form (f,A4,e) = {g € C(X): |g(x) — f(x)| < &, Vx € A} where A c I, A is finite and € >
0Ois a real number.

3.2 Topological dual ofC(X)

The weak hypo-topology is both less fine than hypo-topology and the topology of simple convergence on X. To
compute the topological dual C{(X) de Cs(X), it is clear that C (X) < C¢(X). Our goal is to show that there is
equality between these two dual spaces.

1) Theorem

Let be A: C5(X) — Ra non-zero and continuous linear form. Then there exists x4, x5, ..., X,in I,such that lis a
linear combination of e,,.
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Evidence

As the open interval (—1,1)is a neighborhood ofA(0,) = 0 in R, by the continuity of Aat the point O,, there
exists a finite subset A = {x;, x5, ..., x,. }in Iyand € > Oreal such that A({Oy, 4, €)) c (—1,1).

We consider the (n + 1)- linear forms 4, e, , ey, ..., &, 0n C(X). By a result of linear algebra either Ais a linear
combination of e, or then there exists g € C(X)such that A(g) =letg € Nt Ker ey, If there exists the
same gthen g € ((O,, 4, €))which would implyl = 1(g) € A({O,, 4,¢)) c (—1,1)

With this contradiction, we conclude that Amust be a linear combination of e, .

We have just shown that any continuous linear form on Cs(X)is also continuous on C,,(X). From which we have
the following corollary:

2) Corollary

n

Zaiexi:n €N,a; € Retx; € L,{ = Eng (ey,)

i=1

G0 = () =

Ore;, = {ex:x € L}.

4 Conclusion

We have now reached the end of our article, the aim of which was to study some topological properties of
C,(X)and of the dual operator as a function of the topological properties of the Tychonoff space X.

At the operator level, we exploited the continuity of some special functions, before tackling the dual operator
which allowed us to characterize the continuity of a homomorphism of algebras of type ¢: C,(Y) — C,(X)for a
replete space Y. For such a space, ¢: C,(Y) — C,(X)is continuous if and only if there exists a unique hypo-
function f: X — Ysuch that. For a ¢ = f*continuous f: X — Yfunction, we define its dual application f: C,,(Y) —

C,(X)by f*(g) = gof, forall gin C(Y).
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