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Abstract: In this paper, we introduce the two variable generalized Laguerre polynomials (2VGLP)
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1. Introduction

T he two variable Laguerre polynomials (2VLP) L, (x, y) are defined by the series (see [1-3]) as follows:

(n—r)!(r!)? @

and specified by the following generating functions:

. Ll = (1= exp (), ©
n=0
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n=0 :

where Cy(x) denotes the 0/ order Tricomi function. The n*" order Tricomi function C,,(x) is defined as [4]:

B 00 (_1)7’ x‘r

Cn(x)_r;)r!(n_f_r)!' (4)

Also, the (2VLP) L, (x, y) satisfy the following properties:
Lu(x,y) = y"La(x/y),  Lu(x,1) = Lu(x), ®)

where L, (x) are the ordinary Laguerre polynomials [5]
n (*1)},.7(},
= !

Ly (x) n.rzo eI (6)

The two variable associated Laguerre polynomials (2VALP) L,(f‘) (x,y) are defined by the series (see [1,6]) as
follows:

@ () =y CD A+ a), y"
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and specified by the following generating functions:
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For « = 0, equations (7), (8) and (9) reduces respectively to equations (1), (2) and (3). Also, the (2VALP)
L (x,y) satisfy the following properties:

LY (x,y) = "L (x/y), LW (x,1) = L (x), (10)

where Lﬁf‘) (x) are the generalized Laguerre polynomials of one variable [5].

@y _ v (D) (A +a),x
La(¥) = r;) (14+a),(n—r)r! (11

Further, the Laguerre polynomials L,(f‘) (x) satisfy the following generating function [5]:
= exp(t)oFl[—;l +a; —xt]. (12)

The Jacobi polynomials P,S’x"g ) (x) [5] are define as:

B () = LF W p | = ddatptn ; 1-x

n! 14+« ; 2 (13)
and specified by the following generating function:
00 (a,B)
L GO L S 4B
; PSR oFi(= 1+ a5 (x = Di)oR (=14 B 5 (x + 1)i). (14)
When « = B = 0 the polynomials (13) become the Legendre polynomials P, (x) [5]
—-nn+1 ; 1-—
Pa(x) = 2F . g (15)
;o2
Ragab [7] defined the Laguerre polynomials of two variables L(*#)(x, ) as follows:
@
(,6) _Tr+at+ DI +p+1) v (=) L=, (x)
L, (x,y)* ! Zr'ra+n—r+1)r(ﬁ+r+1)' (16)
Chatterjea [8] obtained the following generating function for Ragab polynomials L,(f"ﬁ ) (x,y):
00 (‘Xr.B) n
!
MLy Ut b (<14 0 —xt)oFy (5 1+ B — ). (17)

= (a+1)(B+1)n

The aim of the present paper is to introduce the two variable generalized Laguerre polynomials (2VGLP)
GLSZM’/5 ) (x,y) as a generalization of the above mentioned Laguerre polynomials L, (x,y) and L,(f() (x,y). Further,
we discuss several properties of these polynomials such as generating functions, relationships with other

polynomials, summation formulae and expansions of polynomials.

)

In this section, we first define the two variable generalized Laguerre polynomials (2VGLP) gL
Next, we present some generating functions for these polynomials.

2. The two variable generalized Laguerre polynomials (2VGLP) gL

P (x,y).
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Definition 1. The two variables generalized Laguerre polynomials (2VGLP) GL,(jxﬁ ) (x,y) are defined as:

n—r

GLSX”B)(X/]/) _ 1+ Dé 1 + /3 i )7‘ Yy a8

1+zx+,B Yr(m—=r)trl

Remark 1. 1. For o« = = 0 the (2VGLP) GL,(f"ﬁ) (x,y) in (18) reduces to the (2VLP) L(x, y).
2. Fora =0 or B =0the (2VGLP) GL,S'X”g)(x,y) in (18) reduces to the (2VALP) L,(f‘)(x,y).

(“,5)(

Theorem 2. For the two variables generalized Laguerre polynomials (2VGLP) gL x,y). The following generating

functions holds true:

;ﬁocL,Sa,ﬁ)(x,y)tn _ io (1 Tlalriljﬁ[;zré!);t)rza[l +a+r1+B+r1471yt], (19)
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Proof of (19). Denoting the left hand side of (19) by L and using the definition (18), we get

B ) (1+a)n(1+ﬁ)n(_l)r YT
Ling)r;o (1+a+p)nl(n—r)r
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This completes the proof of (19). O
Proof of (20). Denoting the left hand side of (20) by L and using the definition (18), we get

E W (1) Y
L=
712:01;) (I+a+p) (n—r)tr!
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— v (C)ntr(—
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n

c . —xt
=(1—yt)"4F ’
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This completes the proof of (20). Similarly, (21) can be proved. O

Special cases of (19),(20) and (21)

1. Fora = f = 0and B = 0, (19) reduces respectively to (2) and (8).
2. Fora = B =0and § = 0, (21) reduces respectively to (3) and (9).
3. Fora = B =0and § = 0, (20) reduces respectively to the following well-known generating functions:

o (C)nLy(x,y)t" —xt
ngb — = -y kR [C L —yt] (22)
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and

[e9)
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LY (x, )t
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4. Taking ¢ = B+ 1 and ¢ = a + 1 in equation (20) and using Kummer’s first theorem [4]

1Fa;c;z] = é*1Fi[c —a;¢;,—z],

we get respectively the following generating functions:

0 (a,B) n
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5. Taking ¢ = a + B + 1 in equation (20) and using (8), we have
@) () — LT+ B)u ) (arp)
GLn (X/]/) - n'(l—l—oc—i—ﬁ)n Ly (X/]/)-
6. Replacing x by xy in equation (21) and using (12), we have
oL (xy, ) = y LE L P (o9 )

3. Summation formulae

n(1+a+B)n

Theorem 3. The following summation formulae for the (2VGLP) GL,(f’ﬁ ) (x,y) holds true:

L&) (x,y) =

L) (x,y) =

LB (1, y) =

GLEza’ﬁ) (

Proof of (29). From (25), we have

< nlg Ly

= (14+a),

Now, using (8) and (20), we have
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Equating the coefficient of "' on both sides of (34), we get the desired result (29) .
Similarly, we can obtain (30) by using (8) and (23) in (33). ]
Proof of (31). From (26), we have

oo () n
nlgLy " (x,y)t _< o —(a—p)—1 ( —xt )>
L= 0w, v RN TR

ﬁ ; —xt
l+atp ; 1-yt|) (35)

X ((1 — yt)7ﬁ1F1

Now, using (8) and (20), we have

> n!GLfla’ﬁ)(x,y)t” . > (a—B) n = 7!(,B)rGL1('a,ﬁ)(_x/y)tr
n;) A+B)n L Lt ; (1+a),(1+B)r

e ! x— «, n
=T ¥ e e el e 6

Equating the coefficient of * on both sides of (36), we get the desired result (31).
Similarly, we can obtain (32) by using (8) and (23) in (35). O

Remark 2. 1. For « = 0 or B = 0, the results (29), (30), (31) and (32) reduces to summation formulae for the
QVALP) LY (x, ).
2. For o« = B = 0, the results (29), (30), (31) and (32) reduces to summation formulae for the (2VLP) L, (x, y).

4. Expansions of polynomials

Theorem 4. The following expansions of Jacobi polynomials p{P) (x) in terms of the (2VGLP) GLE,“’ﬁ ) (x,y) holds true:

(a+A,B+p) & (=) e+ A1) (B+p+ 1),
B = L A ay (T s (L B+ 1),

202, )L (2 (14 x), ), (37)

A

@A B+ oo (= =)t (I +a+A)n(1+ B+ p)a(=1)°(y +2)°
A ) _E)Sg(;) (I +a)n—r—s(1+A)p—r—s(1+ B)r(1+ )y s!

a 1 , 1
x oLy (5 (= x), oL (=5 (14 x),2), (38)

P () =y Y T s),(ﬂ?r(;@ +x))°
(1+a+A)u(1+B+ ) @y 1
(1 + lx)”*rfs(l + A)ﬂfrfs(l + ,B —+ ‘u)rGLTlfrfs(E(l - X), y) (39)

r=0s=0

Proof of (37). Taking the generating function (14), replacing « and by a 4+ A and  + y respectively and using
(21), we have

@ AP () _ (v LM (A1 —x), )\ (& LM (=11 4 x), —y)
@+ A+1)(B+p+1)n = T+ a)n(1+A), =0 (1+B)r(T+p)r
_ oyl — )L (31— ), )L (—1(1 + x), )t
B 1—=07=0 (1+“)n—r(1+/\)n—r(1 +B)r(1+u)r

Now, equating the coefficient of t" from both sides, we get the desired result (37).
Similarly, we can prove (38) and (39). ]



Open J. Math. Sci. 2019, 3, 152-158 157

Remark 3. For A = p = 0, the results (37), (38) and (39) reduces to the expansions of Jacobi polynomials
P,S""f‘ ) (x) in terms of the (2VALP) L;“) (x,y).

Remark 4. Fora = f = A = p = 0, the results (37), (38) and (39) reduces to the following summation formulae
for the classical Legendre polynomials P, (x) in terms of the (2VLP) L, (x,y):

=t} ( )Ln (G =0, DL (5 (1+x),-), (40)
Py(x) = n! inir ( ’: ) ( ns—r ) (_1)S(y+z)8Ln,r,S(%(1 — x),y)Lr(—%(l +x),2), (41)
r=0s=0
”“02m533f<":)(”_’>(_wq%1+”ybqrxlu—xxw. @)
r=0s5=0 r 5 s! 2

Remark 5. The results (40) and (41) are known results of Khan and Al-Gonah [9].

Theorem 5. The following expansions of Ragab polynomials L,(f"’g ) (x,y) in terms of the (2VGLP) (;L,(f"3 ) (x,y) holds
true:

% ] x+A+1)(B+pu+1),
Lo AB) (o y )n(!ﬁ pt1)

n n—r (n —r— S)!T’! (1) (Bm) —
> ’;) 20 (1 + a)n_r_s<1 + )\)n_r_s(l + ’B)r(l + y)rs!GLnfrfs(xry)GLr (y! y)l (43)
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L,g +A1ﬁ+ﬂ)<x’y) :(0( )n('ﬁ H )

n n—r o o ||715 + 715 a .
X;Z(Ha(n r—s)r(-1)(x+y 1) O el ), @)

i AL B T st r-s (el

L) (3 ) = (a+A+1)u(B+1)n

n!
n n—r (1’1—1’—5)!( y)s @ /\) (ﬁ)
" r;)s;) AT (0T N (0 5 Bat Sl s L W), (45)
L,(f"ﬁw)(x,y) _ (o + l)n(i'+ u+1),
») (n—r = s)l(=x) (B1) (@
) ’;0 ZO (I+Bhn—r—s(1+u)n—r-s(1+ tx)rslGLn rs(y, %)L (x). (46)

Proof of (43). Taking the generating function (17), replacing « and § by « + A and 8 + u respectively and using
(21), we have

n!L,&“M’ﬁW}(x,y)t” & n!GLEf"A)(x,y)t” > r!GLﬁﬁ’”)(y, —y)t’ iy
(e A+ ) (BHp+1)n (E (14 a),(1+A), ) (rzo (1+ B)r (1+y)r> <s;)s'>
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n

S (n—r = 5)raLy) ()L™, —y)t"
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Now, equating the coefficient of t" from both sides, we get the desired result (43).
Similarly, we can prove (44), (45) and (46). O
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Remark 6. For A = y = 0, the results (43), (44), (45) and (46) reduces to the expansions of Ragab polynomials
L;‘X"S ) (x,y) in terms of the (2VALP) lea) (x,y).

5. Conclusion

In this paper, the two variable generalized Laguerre polynomials (2VGLP) GL;“’[; ) (x,y) are introduced

and certain properties of these polynomials are deduced. The results of this paper are important tool for
discuss certain properties of other polynomials.
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