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Abstract: Let G = (V, E) be a simple connected undirected graph. In this paper, we define generalized the
Liouville’s and Mobius functions of a graph G which are the sum of Liouville A and Mébius u functions of

the degree of the vertices of a graph denoted by A(G) = Y, A(deg(v)) and M(G) = Y u(deg(v)),
veV(G) veV(G)
respectively. We also determine the Liouville’s and Mobius functions of some standard graphs as well as

determining the relationships between the two functions with their proofs. The sum of generalized the
Liouville and Mdobius functions extending over the divisor d of degree of vertices of graphs is also given.
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1. Introduction

T he Liouville and Mobius functions arise and play an important role in various places in number theory
which are denoted by A and y, respectively. The Liouville A-function is defined as:

/\(n):{1 ifn=1;

(=) if = pyTpy® L p.

For instance, since 8 = 23, thus A(8) = (—1)3 = —1 [1]. The M&bius u-function f : N — {-1,0,1} is
defined as:
1 ifn=1;
u(n) =14 (=1)" ifn=pipy... pr wherethe p; are distinct primes;

0 otherwise.

For example, since there are two distinct primes in factorizing 10 = 2 * 5, therefore, #(10) = (—1)2. Also,
there are no distinct primes in 9 = 32, hence, (9) = 0 [1]. A function f is said to be multiplicative if for all
positive integers m, n such thatm, n are relatively primes, then f(mn) = f(m)f(n) [2]. A function f is said to
be completely multiplicative if for all positive integers m, n, we have f(mn) = f(m)f(n) [3]. The Liouville’s
A-function is an important example of a completely multiplicative function [3], whereas, the Mobius u-function
is multiplicative [2]. Salih and Ibrahim in [4] defined the generalized Euler’s ®-function of a graph which is
summation of the Euler’s ®-function of degree of the vertices of a graph and it is denoted by ®(G). The
general form of Euler’s ®-function of some standard graphs is known. For all other standard terminologies
and notations we follow [5-10].

In this paper, we utilize two number theory functions called the Liouville’s A-function and the M&bius
p-function into graph theory in order to define new functions called the generalized Liouville’s A-function
A(G) and the generalized Mobius M-function M(G) of a graph G, which are defined as the sum of the
Liouville’s A-function and the Mobius p-function of the degree of vertices of a graph G, respectively. In
addition, the generalized Liouville’s and Md&bius functions of some standard graphs are determined along
with determining the relationships between the two functions.
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2. Generalized the Liouville’s and Mobius Functions of Some Standard Graphs

In this section, the generalized Liouville’s and Mébius functions of some important graphs which are the
path graph P, cycle graph C,,, complete graph K, complete bipartite graph K(,,, ,,), k-partite graph K, 1, ),
star graph S;;, and wheel graph W, are determined.

Definition 1. Let G be a simple connected graph. The generalized Liouville,s A-function is defined as the sum
of the Liouville A-function of the degree of vertices v of a graph G which is denoted by A(G). That is

AG) =) Mdeg(v)).
veV(G)

Definition 2. Let G be a simple connected graph. The generalized Mobius M-function is defined as the sum
of the Mobius p-function of the degree of vertices v of a graph G which is denoted by M(G). That is

= ) p(deg(v

veV(G)

In the following propositions, we determine general form and exact values of the generalized Liouville
A-function and the generalized Mobius p-function of some standard graphs.

Proposition 1. 1. The generalized Liouville A-function of the path graph G = Py, for n > 2 vertices, is A(P,) =
4 —n.

2. The generalized Liouville A-function of the cycle graph G = Cy,, for n > 3 vertices, is A(Cy) = —n.

3. The generalized Liouville A-function of the complete graph G = Ky, for n > 3 vertices, is A(K,) = nA(n —1) =
n(—1)mtot "t where (n — 1) = p1™pa™ ... pk.

4. The generalized Liouville A-function of the complete bipartite graph G = K,y , for any positive integers m, n
vertices, is A(Kyn) = (mxA(n)) + (nx A(m)) = (m* (—=1)ta2t+a) 4 (5 (=1)01H02t48) gppere
m=p1"py® ... pk and n = q;"1q.%2 .. .q]'bf.

5. The generalized Liouville A-function of the star graph G = Sy, for n > 2 vertices, is A(S,) = A(n —1) + (n —
1) = (=1)ntot "t 4 (n — 1), where (n — 1) = p1M p2"2 ... p.

6. The generalized Liouville A-function of the k-partite graph G = Kp,m,,.,m,, for any positive integers

n
my, My, ..., my vertices, is A(Kuy,my,...m,) = L (mi * A ( Y mj>> =

i=1 i, j=1,2,..1

(mi * (_1)a1+a2+~--+ak) ,

It

1

j=12,.n
7. The generalized Liouville A-function of the Wheel graph G = Wy, for n > 4 vertices, is A(Wy,) = (1 —n) +

An—1) = (1—n) + (=1)"t02t % where (n — 1) = p1™pa™ ... pk.

where ( Z m] = plal pzuz Ce pkuk

Proof. 1. In the path graph P, of order n, if n = 2, we have two vertices of degree one, then we have
A(Py) = A(1) + A(1) = 2. If n > 3, we have two vertices of degree one and n — 2 vertices of degree two,
then we have:

A(Ps) =2A(1) +A(2) = 1;
A(Py) = 2A(1) +2A(2) = 0;
A(Ps) = 2A(1 )+3/\( )=—1;

A(Py) = 2A(1) + (n Qz))\(z) —4-n.

2. There are n vertices of degree two in a cycle graph C, of order n, hence we have:

A(Ca) =} Aldeg(v)) = A(deg(v1)) + A(deg(v2)) + -+ + A(deg(vn)) = nA(2) = —n.
veV(Cy)
3. There are n vertices of degree n — 1 in a complete graph K;, of order 7, hence we have:

A(Ky) = Z(l )A(deg(v)) = Mdeg(v1)) + A(deg(v2)) + - - - + Adeg(vn))
veV (K,

=nA(n—1) = nx* (=1)"1T2T"T% where (n — 1) = p1™p" ... pi*.



Open J. Math. Sci. 2020, 4, 186-194 188

4. There are m vertices of degree n and n vertices of degree m in a complete bipartite graph K, , of order
m + n, hence we have:

A(Kmn) =}, Aldeg(v))

eV (Kinn)
= )\(deg(ul)) A(deg(uz)) + - -+ + Adeg(um)) + A(deg(v1)) + A(deg(v2)) + - - - + A(deg(vn))

An)+A(n)+---+A(n) + A(m) +A(m) + - - -+ A(m)

(m*)\(")) (nx A(m))

= (mx*(=1)

1)A a2+ +ak) + (n* (_1)h1+b2+~~~+hj),

where m = p1"p®2 ... py and n = g1y ... quf
5. There are n — 1 vertices of degree one and there is one vertex of degree n — 1, say vy, in a star graph S,
of order n, hence we have:

A(Sn) =}, Mdeg(v))

veV(Sy)

Adeg(v1)) + Adeg(va)) + - - - + Adeg (vn))
=An—-1)+(n—-1)A(1)

= (=1)mtot ot 4y 1, where (n — 1) = p1"1pa™ ... pi.

6. There are m; vertices of degree Y m; where j,i = 1,2,...,n in a complete k-partite graph Ky, ms,,...m, of
J#i
order mq + my + - - - + my, hence we have:
A(Kinymy,...my) = ). A(deg(v))

ve V(Kml,mz,.../ﬂm )

= A(deg(v1)) + A(deg(v2)) + - - - + A(deg(vn))
= (myxA(my+mz+---+my))+ (max A(my +mz+---+my)) +...
+ (mp x A(my +mg + -+ +my_q))

£fol5 )
i=1 i, j=12,..n

= n (mi*(—l)“1+“z+~~+ﬂk)
i=1

where )5 mj = p1"pa™ ... ph

7. There are n — 1 vertices of degree three and we have one vertex of degree n — 1, say v1, in a wheel graph
W,, of order 1, hence we have:

A(Wy) = ‘;W )A(deg(v))
= A(deg(v1)) + A(deg(vz)) + - - - + A(deg(vn))
=An—-1)+(n—-1)A3) = (=1)t2t Tk 5 _1q,

where (n —1) = p1Mpy® ... p’*.
O

Proposition 2. 1. The generalized Mobius M-function of the path graph G = Py, for n > 2 vertices, is M(P,) =
4 —n.
2. The generalized Mobius M-function of the cycle graph G = C,, for n > 3 vertices, is M(C,) = —n.
3. The generalized Mobius M-function of the complete graph G = Ky, for n > 3 vertices, is
n ifn=2
M(Ky) =nu(n—1) =S nx (=1)%  if (n—1) = p1pa... p

0 otherwise



Open J. Math. Sci. 2020, 4, 186-194 189

where (n — 1) = p1Mpa®2 ... pik.
4. The generalized Mobius M-function of the complete bipartite graph G = Ky, for any positive integers m, n
vertices, is

M(Kynn) = (m s p(n)) + (nx p(m))

m ifn=1 n ifm=1
= m*(—l)k ifn=pip2...pr, + n*(—l)j if m=pipa...pj,
0 otherwise 0 otherwise

where m = p1Mpy™ ... p% and n = q" gyl ... q]-bf.
5. The generalized Mobius M-function of the star graph G = S, for n > 2 vertices, is

1 ifn=1
M(Sy) = (n = 1)+ p(n—1) = (1= 1)+ { (—1)F if (1—1) = prpa... pio
0 otherwise

where (n — 1) = p1™1pa“2 ... p“*.
6. The generalized Mobius M-function of the k-partite graph G = Kyym,,..,m,, for any positive integers
my, My, ..., My, vertices, is

M(Kml,mz,...,mn) = i (ml- * U ( 2 m].))

i=1 j#i, j=1,2,..n
ml*(—l)k if Y m; = pipa- .- Pk
= j#1, j=1,2,..n
0 otherwise

my x (—=1)F if Y mj = pipa...p
- j#2, j=1,2,..n
0 otherwise
my* (—=1)" if Y mj=pipa...pt
+ j#n, j=1.2,..n
0 otherwise

where Y. mj = p1"pa" .. pik.
j=12,..n

7. The gener,alized Mobius M-function of the Wheel graph G = W, for n > 4 vertices, is
—DF if (n—1)=p1p2...,
M(Wn):(1—n)+;4(n—1):(1—n)—|—{( i =D =pupape

0 otherwise,
where (n — 1) = p1Mpa®2 ... pik.

Proof. The proof is similar to the Proposition 1. [

3. Summing up generalized the Liouville A-function and generalized the Mobius M-function
over the divisor 4 and their proofs

In this section, we give some new results of finding the sum of the generalized Liouville A-function and
the generalized tMobius M-function extending over the divisor d which are the sum of the Liouville A-function
and the Mobius y-function of the divisor of degree of vertices of the above standard graphs.

Theorem 1. Forallv € V(G), deg(v) > 1, and Ay refers to the generalized Liouville A-function over the divisor d of
deg(v), we have

1. Y AP)= L L Ad)=2

veV(Py), d|deg(v) veV(Py) d|deg(v)
2. Y o AG)= ¥ Y Ad)=o.
veV(Cy), d|deg(v) veV(Cy) d|deg(v)
n if (n—1) is square;
L MEK)= X v a@={n S e
veV(Ky), d|deg(v) veV (Ky) d|deg(v) 0 otherwise.
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4. y

veV (Ku,n), d|deg(v)

5. )y Ad(sn)
veV(Sy), d|deg(v)

6. Y Ag(Wy)

veV(Wy), d|deg(v)

0EV (Kinymy,....mn ), d|deg(0)

mq

mp

My

mq + mp

m]+mn

my + m3

My—1 + My

my + mp + m3

my + my + my

my + msz + my

my + ms3 + my

My + m3 + My

my + msz + my

my + My_1 + My

My—p +My_1+ My

my+my+ -+ my

m+n ifnis 1‘1 square if m is a square;
n otherwise
Adllnn) = L= m if nisasquare
VeV (Kna) dldeg (o) 1 otherwise.
0 otherwise
B _n if (n—1)issquare;
0€V(Sy,) d|deg(v) (n—1) otherwise.
1 if (n—1) is square;
> May= {1 s
veV(W,) d|deg(v) 0 otherwise.
Ad(KmLmz,.--,mn) = )y Y Ad) =

veV(Kml,mZ,wmn ) d|deg(v)

if Y m;j is square;

i=1.2,...1, j#1

if Y m; is square;

i=1,2,0m, j£2

if Y m;j is square;

j=12,...n, j#n

if X

i=1.2,..m, j#1

if > m; and Y

=12, j£1
if X

=120, j#2

if )y
j=12,...n, j#n—1
if X mj

i=1,2,0 0, j£1

i=1,2,m, j£1

=120, j£2

=120, j£2

if )y mi,

j=12,...n, j£n—2

if Y mj
j=1,2,..m, j#1
otherwise.

mj and Y

mj and >

m; and Y

m; are square;
j=1.2,...1, j#2

m] are Square;
j=12,...n, j#n
m; are square;
j=1,2,.m, j#3

m] are square,;
j=12,..n, j#n

Y mjand Y

m] are square,
=12, j#3

Y mj and >

i=12,..n, j#2 j=1.2,..n, j#n

Y mj and Y

i=1,2,..n, j#3 j=1,2,..n, j#4

m] are square,

m] are square,

I’I’l] are Slx]lxlll?’(?}
j=12,..n, j#n

Y m; and Y

m] are square,
=121, j#4

Y ' mj and Y

m] are square,
j=12,..n, j#n

> m; and >

T}’Z] are square;
j=12,...n, j£n—1 j=12,...n, j#n

Y m; and Y

m] are square,
j=12,...n, j#n—1 j=12,...n, j#n

m]-,..., Z

m] are Square;
j=12,..n, j#n

i=1,2,0m, j£2
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Proof. 1. There are two vertices of degree 1 and (n — 2) vertices of degree 2 in a path graph (Py):

Aa(Pa)= 3}, ), Ad)

veV(Py), d|deg(v) veV (Py) d|deg(v)
=2x%) AMd)+ (n—2)*)_Ad)
d|1 d|2

=25 A(1) 4+ (n—2) % (A1) + A(2)) = 2.

2. There are n vertices of degree 2 in a cycle graph (Cy):

Ad(cn): Z 2 /\(d)

veV(Cy), d|deg(v) veV(Cy) d|deg(v)
=nx) Ad)
d|2
=nx (A1) +A(2)) =0.

3. There are n vertices of degree (n — 1) in a complete graph Kj,:

ANE)= Y Y Ad) =nx ¥ Ad).

veV(Ky), d|deg(v) veV(Ky) d|deg(v) d|(n—1)

When (n — 1) > 3 is a square and by the fact that any square number has odd number of divisors and
hence we always have the term A(n — 1) at the end of the sum which is equal to 1 and all the others by
the definition of Liouvile A-function are canceled. Thus

) A(K)= Y Y A@d)=nxA(n—-1)=n.

veV(Ky), d|deg(v) veV(Ky,) d|deg(v)

When (n — 1) > 3 is not a square. There are two cases:
Case 1: If deg(v) is a prime (p), then the divisors are only 1 and p and hence A(1) = 1 and A(p) = —1.
Thus
Ag(Kp) = ). Y A(d)=nx*(A(1)+A(p)) =0.
veV(Ky), d|p veV(Ky) d|p
Case 2: If deg(v) is not a prime, then there are always even number of divisors of deg(v) and they are
always canceled with one another by the definition of Liouvile A-function and we obtain that

Ag(K) =Y, Y A(d)=nx(0)=0.
veV(Ky), d|deg(v) veV(Ky) d|deg(v)

4. There are m vertices of degree n and n vertices of degree m in a complete bipartite graph Ky, ,:

Ad(Km,n) = Z Z )‘(d)
veV (Kinn), d|deg(v) veV (Kn,n) d|deg(v)

=nx (dZ)\(d)) +m % (;A(d)) .

We denote (Z )t(d)) = Sj and (Z A(d)) = S,.
dln

d|m
When m is sql‘lare. There are two cases:
Case 1: If n is a square. By the fact that any square number has odd number of divisors and hence we
always have the term (A(m) = 1) and (A(n) = 1) left in S; and S; respectively and all the other terms in
S1 and S; are canceled by the definition of Liouville A-function, i.e.,

Ad(Km,n) = Z Z A(d)

eV (Kinyn), d|deg(v) eV (K,n) d|deg(v)
=nxA(m)+m=*A(n) =n-+m.
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Case 2: If 7 is not a square, then all the terms in 5 are canceled by the definition of Liouville A-function
because there are always even number of divisors of 7 in S,. Since m is a square, then (A(m) = 1) is the
only term left in S;. Hence,

Ad(Km,n) = Z Z )L(d)
veV (Ku,n), d|deg(v) veV (Kpy,n) d|deg(v)
=n*A(m)+0=n.

From the above two cases when m is a square, we obtain that
Ad(Km,n) = Z 2 A(d)
eV (Kinyn), d|deg(v) veV (K,n) d|deg(v)

{m +n if nisasquare;

n otherwise.

When m is not a square. There are also two cases:
Case 1: If n is a square, then (A(n) = 1) is the only term left in S. Since m is not a square, so all the terms
in S; are canceled and thus S; = 0. Hence,

Ad(Km,n) = Z Z )\(d)
eV (Kinyn), d|deg(v) eV (K,n) d|deg(v)
=nx(0)+m=(A(n)) =m.

Case 2: If n is not a square and since m is also not a square, then all the terms in S; and S; are canceled
and hence S = S, = 0. Thus

Ad(Km,n> = Z Z )\(d)
veV (Kun), d|deg(v) veV (Ku,n) d|deg(v)
=nx*(0)+m=(0) =0.

From the two cases above when m is not a square, we obtain that

ANg(Kp) =) Y. Ad)
vEV(Kinn), d|deg(v) 0V (Kinn) d|deg(v)
B {m if n is a square;

0 otherwise.

From all the above investigation for all m and 7, (4) has been proved.
5. The proof follows from (4) by the fact that S,, = Ky ;1.
6. There are (n — 1) vertices of degree 3 and one vertex of degree (n — 1), say vy, then

Ad(Wn> = Z Z )‘(d)

veV(Wy), d|deg(v) veV(Wy) d|deg(v)
=n-1)«Y AMd)+ Y A@)
d|3 d|(n—1)

=n-1)x0)+ Y Ad)
d|(n—1)

= Y AMd)=s.

d|(n—1)

In order to prove S, there are two cases:
Case 1: If (n — 1) is square and by the fact that any square number has odd number of divisors, the term
A(n—1) = 1is always leftin S, i.e.,

S= Y Ad)=A(n-1)=1.
dl(n1)
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Case 2: If (n — 1) is not square, then there are always even number of divisors in S and by the definition
of the Liouville A-function, all the terms in S are canceled with one another. Thus

S= ) A(d)=0.
d|(n—1)
From the two cases above, we obtain that
AWu)= ), ). Ad)
veV(Wy), d|deg(v) veV(Wy,) d|deg(v)
B {1 if (n —1) is asquare;

0 otherwise.

7. The proof follows from (4) as it is a special case of (7).
O

Theorem 2. Forallv € V(G), deg(v) > 1, and M refers to the generalized Mibius M-function over the divisor d of
deg(v), we have

1. )y My(Pn)= Y ¥ u(d)=2
veV(P,), d|deg(v) veV(P,) d|deg(v)
2. r My(Cr)= L ¥ u(d)=0.
veV(Cy), d|deg(v) veV(Cy) dldeg(v)
3. )y My(Kp)= ¥ ¥ p(d)=0.
veV(Ky), d|deg(v) veV(Ky) d|deg(v)
m ifn=1,
4. D My(Kipn) = Y Y o ud) =142 ifm=n=1;
0€V (K ), d|deg (o) 0€V (K,n) d|deg(v)

0 otherwise.

5. % MiS)= ¥ Z()H(d)={2 =2

vEV(Sy), d|deg(v) vEV(Sy) d|deg(v n—1 otherwise.

6. )y Mi(Wp) = L L u(d)=0.
veV(Wy), d|deg(v) veV(Wy) d|deg(v)

7. r My (Kiny,my,...my) = Y Y. u(d) =0, wheren > 3.
UEV(Kml,mZ,..”mn ),dldeg(v) [4S] V(Kml/mz,m,mn ) d\deg(v)

Proof. The proof is similar to the Theorem 1. [

4. Relationships between the generalized Liouville A-function and Mo6bius M-function

In this section, some relationships between generalized the Liouville and Mobius functions are
determined.

Theorem 3. Forallv € V(G),deg(v) > 1, we have

MG = ¥ Mgl = ¥ ¥ w2 = ¥ T

veV(G) veV(G) d?|deg(v) veV(G) deg(v)=d*m

42
distinct primes. Let deg(v) = p1™p2® ... pi%. If the odd ajs as a;,a;), . .-, a;; are listed. Then (de§7§v)> =
Pi\Piy - - Pi; is the nonzero term. When j is even, then y(pj pi,...pi;) = 1, and when j is odd, then

u(pi,piy - - - pij) = —1. Therefore, for every v € V(G), we have A(deg(v)) = (—1)%+%2++% = (—1)/. Thus the
theorem is proved. O

Proof. There is only one nonzero term in the sum, as u (d"’g (v)) = 0 except when (M) is the product of

Theorem 4. Forallv € V(G),deg(v) > 1, we have

- Y ulego)= Y Y y(d)m(dei’g”))z YY)« A(m).

veV(G) veV(G) d2|deg(v)
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Proof. The prove follows from the Theorem 3. [

Corollary 1. For any vertices v € V(G) such that deg(v) = p1pa ... px, where p; is distinct for all i = 1,2,...,k,
we have A(deg(v)) = p(deg(v)) = p?(deg(v))(—1)«(@8(), where w(deg(v)) is the number of distinct primes of
deg(v).

Proof. The proof is straightforward as A and p are multiplicative functions and deg(v) is the product of distinct
primes. [J
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