T —— Journal of Advances in Mathematics and Computer Science

Volume 39, Issue 7, Page 90-101, 2024; Article no.JAMCS.119601
'] ISSN: 2456-9968

L (Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

o Fixed Point Theorem in
Multidimensional Partially Ordered

Set in Neutrosophic Metric Spaces

V.B. Shakila * " and M. Jeyaraman >’

& Department of Mathematics, Sourashtra College, Madurai, Tamil Nadu, India.
bp.G. and Research Department of Mathematics, Raja Doraisingam Gout. Arts College, Sivagangai, Affiliated
to Alagappa University, Karaikudi, Tamil Nadu, India.

Awuthors’ contributions

This work was carried out in collaboration between both authors. Both authors read and approved the final
manuscript.

Article Information
DOI: https://doi.org/10.9734/jamcs /2024 /v39i71915

Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and
additional Reviewers, peer review comments, different versions of the manuscript, comments of the editors, etc
are available here: https://www.sdiarticle5.com/review-history /119601

Received: 03/05/202/

Accepted: 06/07/2024

’Origina] Research Article Published: 16/07/2024

Abstract

In this paper, the author gave the idea of Z- isotone map and g-monotone property using Z-isotone mapping
the author proved that there is a conicidence point for two self mappings in partially ordered set in
neutrosophic metric spaces. Additionally if = is weakly compatible then the two mappings have a common
fixed point.

++ Research Scholar;
*Corresponding author: E-mail: jeya.math@gmail.com;

Cite as: Shakila, V.B., and M. Jeyaraman. 2024. “Fizxed Point Theorem in Multidimensional Partially
Ordered Set in Neutrosophic Metric Spaces”. Journal of Advances in Mathematics and Computer Science 39
(7):90-101. https://doi.org/10.9734/jamcs/2024/v39i71915.


https://doi.org/10.9734/jamcs/2024/v39i71915
https://www.sdiarticle5.com/review-history/119601

Shakila and Jeyaraman; J. Adv. Math. Com. Sci., vol. 39, no. 7, pp. 90-101, 202/; Article no.JAMCS.119601

Keywords: Common fized point; coincidence point; neutrosophic metric spaces; ¢p-weakly compatible; Z-isotone;
g-monotone.

2010 Mathematics Subject Classification: 47H10; 54H25.

1 Introduction

The concept of 2-metric space was first developed in 2015 by Abbas, Ali, and Suleiman [1]. Vishal Gupta and
Kanwar [2] created the concept of U-fuzzy metric space, improved the description of &-fuzzy metric space, and
generated the linked fixed point result in a partially ordered U-fuzzy metric space during the generalization
process. The concept of U- fuzzy metric space was discussed by Poovaragavan D., Jeyaraman M.[3, 4] .

Zadeh [5] first suggested the idea of fuzzy sets in 1965. Wutiphol Sintunavarat et. al., [6] presented the paper
on weakly compatible mappings in fuzzy metric spaces. In 1983, Attanssov. K [7] introduced the concept of
Intuitionistic fuzzy set. As a generalization of the fuzzy metric space created by George and Veeramani [8], Park
[9] established the concept of intuitionistic fuzzy metric space with the help of continuous {-norm and continuous
¢-conorm in 2004. Later Jeyaraman et.al. [10, 11] discussed about the generalised intuitionistic fuzzy metric
spaces. Martinez-Moreno [12, 13, 14] established multidimensional coincidence results for compatible mappings
in partially ordered fuzzy metric spaces in 2012 and 2014.

Neutrosophy is an extension of the intuitionistic fuzzy set which was introduced by Florentin Smarandache.
F. Smarandache and Wadei F. Al-Omeri et.al. [15]-[22], published many papers in Neutrosophic cone metric
spaces, Neutrosophic topological spaces and Neutrosophic graphs etc.. Also, M. Jeyaraman et.al. [23] published
papers on Generalised Neutrosophic Metric Spaces. It asserts that there exists a continuum-power spectrum of
neutralities between an idea and its opponent. The research community was motivated by neutrosophy, which
adds neutralities to intuitionistic fuzzy sets, and the topic is currently flourishing with a wide range of studies,
analyses, computing methods, and applications.

In generalized neutrosophic metric spaces, we demonstrate a common fixed point theorem for ¢-compatible
systems. This paper presents several common fixed points and multidimensional coincidence theorems for ¢-
compatible in partially ordered neutrosophic metric spaces. The results are used to frame the proper requirements
to ensure the presence of the common fixed point and multidimensional coincidence point outcomes.

2 Preliminaries

Definition 2.1. [23] Consider a non-empty set X. A triple (X, 7,x*) is known as a ¥- fuzzy metric space
(highlighted by ¥ — % .#.%), where % is a continuous (-norm and fuzzy set ¥ on X" x (0,00) meets the
aforementioned requirements: For every (,n > 0:

i) 7 -1)Y(w,w,w,...,w,v,() >0forall w,veX with @ #v,
(i) (YZ —2)¥ (w1, w1,w1,...,%01,w2,() > ¥ (w1, w2, @3, ..., %n, ()

for all w1, w2, ws,...,wn € X with w1 # w2 # ws # ... # W,
(iii) (Y F —3)¥ (w1, w2, @3, ...,@n,() = 1if and only if w1 = w2 = w3 = -+ = wa,
(iv) (VF —4)V (w1, w2, @s,...,%n,() =¥ (p(wi, w2, w@s,...,wn), (), where p is a permutation function,
(v) (WF =5V (w1, w2, ws,...,%0n,(+n) >V (w1, w2, w3, ..., 0¢n-1,W,()

* ¥V (w,w,w,...,w,wn,n),

(vi) (¥F —6) Clim VY (w1, w2, @3, ..., @0, ) =1,
— 00

(vii)) (VF — 1)V (w1,w2,ws,...,Wn,") : (0,00) = [0, 1] is continuous.
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Example 2.1. Define a continuous (-norm as a* 3 = af and let X = R and (X,2) be A- metric space. Define
1

.....

A(wq, @ wn) | T
B 1 X" x (0,00) — £ such that B(w, @, @, ...,@,() = {671 3 } for all w1, s, ,...,wn € X and

¢ > 0. Then (X,B,x*) is a B- fuzzy metric space.

Definition 2.2. Let . and = are two self maps on the partially ordered set (XP,=).Then J# is called an
E-isotone map, if for every @, 9% € XP,2E() =p E(h) = H(HA) =p H (). Consider o7, is the
partition of w, = {1,2,...,p}, i.e., the union of &/ and A is w, and &, Z are disjoint non-empty sets.
Qap={p:Ap = Ap: p(«7) C & and p(B) C B}

and QIA,B ={p:Ap = Ap: p(A) C Band p(B) C o/} . Consider a partially ordered space (X, <), let w,w € X
w=w if ke

and k € A,. The following notation will be used: w <, w <= { wrw if KeEB

Definition 2.3. Consider a partially ordered space (X,=<) and the mappings # : X — Xand g : ¥ — X.
Invoking that .# has the mixed g-monotone property if .%# is g-monotone increasing in arguments of &/ and
g-monotone non-decreasing in arguments of .

That is, for every w1, w2, ..., wp,w,s € X and for all ,
g(w) 2 g(s) = F (w1, ..., Wre1, W, Wrt1,---,Wp) Sk F(Wiy..., Wre1,S, Wrt1,---;Wp)-
Example 2.2. Let g: X — X, F : X — X are mized g-montone property. Let g(w) = @w and
w] — w2+ W3 —wW4...,—Wp . .
B 5 ifpis even
3(w17w2a---7w7w17) - wl—w2+m'32gw‘1,m,+wp zfpzs odd
D

X=R,p=4w = 1l,ws = 2,ws = 3,4 = 4,w = 5,1 = 6 For the above function § satisfies the mizred
g-montone property.

Definition 2.4. The two self-maps 5 and Z on X are called weakly compatible if #=w = E57w for every
w € X like that #w = ZEw.

Definition 2.5. Consider a p-tuple of mappings ® = (p1, p2, ..., pp) from {1,2,...,p} into itself. The mappings
ZF :XP - X and g: X — X are called ®-weakly compatible if

9T (T (1)) Ppr(2)s -+ Ppw(p) = F(9Fp(1), 90 (2)5 -+ 9P (P (P)));
whenever gw; = F(w,, (1), @Wp,.(2)- - - DPp,.(p)) fOr every k and some (w1, ws,...,w;,) € XF.
Definition 2.6. Consider the function 7 : X — X and Z: X — X. A point w € X is called
e Fixed point if ' (w) = w.
e Coincidence point if J#(w) = E(w).
e Common fixed point if 7 (w) = E(w) = w.
Definition 2.7. Consider the function .% : X — X and g : X — X. A point (w1, w2,...,wp) € XP is said to be
(i) ®-coincidence point if .F (w,, (1), @y, (2)s - - - Wp.(p)) = gwx for all K € {1,2,...,p} and
(p1,p2,--.,pp) be a p-tuple mappings from {1,2,...,p} into itself.
(ii) ®- common fixed point if .F(w,, (1), @p.(2)-+ > Tpn(p)) = W= = wx for all & € {1,2,...,p} and
(p1, p2, ..., pp) be a p-tuple mappings from {1,2,...,p} into itself.
Definition 2.8. Let ®,, represent the collection of all functions ¢ : R — R satisfying the condition, for every
¢ > 0 there exist s > ¢ like that lim ¢”(s) = 0.
p—00
Lemma 2.3. Let ¢ € Dy, then for each ¢ > 0 there exist s > ( like that ¢(s) < (.

Proposition 2.1. If X <, %, it follows that,
(@o(1), Wp(@)s -+ () = (Wp(1),Wp(2), -, Wow) U P E Qx5 and
(@p(1)s Tp(2)> > Tp(p) = (Wp(1), Wp(2), -+ - Wo(p)) Hf P E Dy 5.
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3 Neutrosophic Metric Spaces
If wi,ug, us, ..., u, € [0,1] then *7_ju, = up * ug * -+ - x up and Of_jue = u1Cu2C ... Oup.

Definition 3.1. Consider a nonempty set X. A 7-tuple (X, %, %, 7,*,<,®) is known as a Neutrosophic Metric
Space [NMS], where * is a continuous ¢-norm, <, ® is a continuous ¢-conorms and ¥, % and 7 are fuzzy sets
on X" x (0,00) meets the aforementioned requirements:

For each w1, w2, ws,...,wn, w € X,{,n >0,

(1) 'V(w1,7D2,zD3,...,wn,C)+W(w1,WQ,W3,...,wn,C)+9(w1,WQ,W3,...,wn,C) <3
(ii)) ¥(w,w,w,...,w,v,() >0, for all w,v € X with w # v,
(

(iii)) ¥ (w1,w1,w1,...,w1,w2,() > ¥ (w1, w2, @s,...,wn,(), for all wi,ws, ws,...,wn € X with w1 #

W27éw37£-“7£wn7

(iv) ¥(w1,w2,@s,...,@n,¢) =1 if and only if w1 = w2 = ws = -+ = @y,

(v) ¥ (w1, w2, @3,...,@n,C) = ¥ (p(w1, w2, @s, . ..,w@n), (), where p is a permutation function,
(vi) ¥ (w1, @2, @3, ..., @n,+ 1) >V (w1, 2,3, ..., %0n—1,,w, () * ¥ (w,w,w,...,w,w@n,n),
(vii) ¥ (w1, w2, ws,...,Wn, ") : (0,00) — [0, 1] is continuous,

(vili) ¥ is a increasing function on R*, clggo ¥ (w1, w2, ws, . ..,wn, () =1 and
}T})%(w17W2,W37...,wn,C) =0, for all w1, ws,ws,...,wn € X,{ >0,

(ix) #(w,w,w,...,w,v,() <1 for all w,v € X with w # v,

(x) # (w1, w1, @1,...,w1,w2,0) < ¥ (w1, ws,ws,...,wn,() for all @i, ws,ws,...,w, € X with w1 #
W2 # W3 F ... F Wn,
(xi) # (w1, w2, w@3,...,00n,() =0if and only if w1 = w2 =w3z =+ = wy
(xii) # (wi,we2,ws,...,wn, ) = # (p(w1, w2, w™s,...,wn), (), where p is a permutation function,
(xill) # (wi,w2,w@3,...,wn,C+n) < H# (w1, w2, @3, ..., 0n-1,w, ) (W, w, W, ..., W,Wn,"n),
(xiv) # (w1, w2, @3,...,@n,") : (0,00) = [0,1] is continuous,
(xv) # is a decreasing function on R*, glggo W (w1, w2, @3, ..., W, ) =0 and
%%W(wl,wg,W3,...,wn,C) =1, for all w1, w2, w@s,...,w, € X,{ >0,

(xvi) I (w,w,w,...,w,v,() <1 for all w,v € X with w # v,

(xvii) T (w1, w1,w@1,...,w1,w2,,() < T (w1, w2, @3,...,@n, ) for all w1, w2, ws,...,wn € X with wy #
W2 # W3 F ... F Wn,
(xviil) 7 (w1, w2,w™3,...,wn,¢) =0 if and only if w1 = ws = w3 = -+ = wh,
(xix) I (w1, @2, ws,...,@n, ) = I (p(w1, w2, ™s,...,wn), (), where p is a permutation function,
(xx) T (w1, w2,™s,...,7n,(+n) < T (w1,w2,@s, ..., 0Tn-1,w,() © T (w,w,w,...,W,0n,1N),
(xxi) T (w1,w2,ws,...,wWn,): (0,00) = [0,1] is continuous,
(xxii) .7 is a decreasing function on RY, Cllngo I (w1, w2, ™3, ..., @n, () =0 and
}my(ml,WQ,W3,...,wn,C) =1, for all w1, w2, w@s,...,w, € X,{ >0,

In this case, the triple (¥, %#,.7) is called NMS.
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Example 3.1. Let (2, 7) be a /- metric space. For all w1, w2, w@s,...,wn € X and every ¢ > 0, consider
(¥, W, T) to be fuzzy sets on X™ x (0,00) defined by

.7wn7c) A (w1,w2,T3,..., wy)

V (w1, @2, @s, .. T (e (w1, w2, @3, W)

— ¢
@ C) = T ar me e w2 (T @2, s,

4 T2, T3y .
and I (w1, w2, @3,...,@n,() = Fo1.w2.@3:%0) - dopote u kv = uv,udv = min{u + v,1} and v @ v =

<
min{u +v,1}. Then (Z,Y ., W, T,%,<,0) is a NMS.

Lemma 3.2. Let (Z,V, W, 7,%,<,0) be a NMS. Then ¥ (w1, w2, W3, - .., Wn, () is non-decreasing,
W (w1, w2, @3, ..., Wn, ) is non-increasing and 7 (w1, ws, ws, ..., wn, () is decreasing with respect to .

Proof. Since ¢ > 0 and ¢ +n > 0 for n > 0, consider

YV (w1, @2, W3, - . . Wn—-1,@n, (+N) > ¥ (w1, w2, @3, ... 0Wn-1,n, () *¥ (Wn, Wn, @n ... Wn, Wn,n) which implies

V (w1, @2, @3, ... Wn-1,@n,{ + 1) > ¥ (w1, w2, @3, ... Wn-1,n, ()

Therefore, ¥ (w1, w2, w3, . .. Wn—1,Wn, () is non-decreasing with respect to .

Also,

W (w1, @2, w3, . .. Wn-1,TWn,(+N) < ¥ (w1, @2, @3, . .. Wn-1,@n, () OW (Wn, @Wn, @n . . . @n, Wn, 1) which implies
W (w1, w2, @3, ... Wn-1,@n,( + 1) < # (w1, w2, @3, ... Wn-1,@n,()-

Therefore, # (w1, w2, w3, . ..Wn—1,Wn, () is non-increasing with respect to (.

T (w1, w2, W3, - .. Wn-1, Tn, (+1) < T (w1, w2, @3, . .. Wn-1,Wn, )T (Wn, @Wn, @n - . . Wn, @n,N) which implies
T (w1, w2, @3, ... Wn-1,n,( + 1) < T (w1, w2,@3, ... Wn-1, Tn, ()

Therefore, 7 (w1, w2, w3, . .. Wn-1, @n, () is decreasing with respect to . O

Definition 3.2. Let (2,7, #,7,%,<,0) be a NMS. A sequence {w,} is said to converge to a point w € X

if ¥ (ws,ws,ws, ..., wWs,w,() = 1, ¥ (ws,ws,wWs, ..., ws,w,() = 0 and

T (ws, Ws, Wsy-..,ws,@,() — 0 as s — oo for every ¢ > 0, that is, for every ¢ > 0, there exists n € N
such that for every s > n, we have ¥ (ws, ws, @s,...,ws, w,() > 1 — €, # (ws, ws, @s, ..., ws,w,() < € and
T (ws, Ws, Ws, ..., ws, W, () < € we write gli)rgows = w.

Definition 3.3. Let (27,7, #,.7,%,0,0) be NMS. A sequence {w,} in X is said to be a Cauchy sequence if

V(Ws, s, Wsy -+, @Wsy,@p, () = 1, W (ws, w@s, @s, ..., Ws, @p, () — 0 and

T (s, Ws, Wsy-..,wWs, Wp,() = 0 as s,p — oo for every ¢ > 0, that is, for every € > 0,
there exists no € N such that for every s,p > no, we have

V(Ws, Wsy Wsy -, Ts, @p,C) > 1 — €, # (ws, s, @s, ..., Ws,Wp, () < € and

T (Ws, Wsy Wsy- .., Ws, Wp,() < €.

Definition 3.4. ANMS (2,7, %, 7 ,%,<,0) is known as complete if each Cauchy sequence in X is convergent
sequence.

4 Main Results

Definition 4.1. Let (Z,%,#,7,%,<,0) be a NMS and J# and E two self maps on X and are called
compatible if and only if

Jim V(A (E(@p)), H (@) - .. A (E(@p)), E(H (@), €) = 1,

lim # (A (2(@,)), H(E(@p)) ... #(
p—o0

Tim 7 (A (E(@,), HE@)) .

whenever {@,} € X such that lim J#(w,) = lim =(&,) = @ for some @ € X.
p—oo

Lemma 4.1. Let (Z,Y, W, T,%,<,0) be a NMS and {vp} be a sequence in (X, ¥V, W, T ,*,<,0). If there
ezists a function ¢ € @, such that

94



Shakila and Jeyaraman; J. Adv. Math. Com. Sci., vol. 39, no. 7, pp. 90-101, 202/; Article no.JAMCS.119601

(4.1.1) ¢(¢) >0, forall ¢ >0,

(4-1.2) V' (WpsVpy -+, Vp, Vpt1, 0(Q)) 2 ¥ (Vp—1,Vp—1, - - s Vp—1,Vp, (),
W (Vp, Vpy ooy Upy Vpi1, 0(C)) < H (Vp—1,Vp—1,...,Vp-1,Vp, () and
y(ypﬂjpw" 7VP7VP+17¢(C)) S g(yp—lvyp—lz'"7Vp—17V107<-)’
for every p € N and ¢ > 0, then {vp} is a Cauchy sequence.

Proof. Let (Z,Y, W, ,x,<,0) be a NMS. We have,
lim ¥ (v1,v2,v3,...,n,() = l,glirn W (vi,v2,v3,...,Vn, () =0 and
—00

¢(—o0
4lirn T (v1,v2,v3,...,Vn, () =0 it suggests that for every ¢ > 0, there exist (o > 0 like that
— 00
¥ (vo,v0,...,v0,v1,C00) > 1— €, # (vo,v0,...,v0,v1,() < € and J(vo,vo,...,V,v1,0) < €.

Now we have ¢ € ®,,, there exists (1 > (o such that lim ¢*(¢1) = 0.
p—o0

Therefore, for ¢ > 0, there is p, € N such that lim ¢”(¢1) < ¢, for all p > p, from condition (4.1.1), ¢”(¢) > 0,
p—>00
for all p € N and ¢ > 0. It follows by induction and condition (4.1.2) we get

41/(1/107’/;07---7VP7VP+17¢;D(C)) > 41/(1/051/07-“71/07’/17(-)7
W(VZNVP?'"7VP7VP+17¢p(C)) S W(V07V07"'3V07V17<) and
T (VpyVpy -« oy Vpy Vpr1, PP (€)) < T (vo,v0, ..., v0,11,(), for each p € Nand ¢ > 0.

Utilizing Lemma (3.2), we have

YV (Vpy Vpy ooy Vpy Vpt1,C) 2 ¥ (Wpy Upy o oy Upy Upt1, 97 (C1)) = ¥ (vo, vo, . -+, Vo, 11, (1)
> ¥ (vo,v0,--.,v0,v1,80) >1—¢,
W (Vp, Vpy - s Vpy Upt1,C) < W (Vpy Vpy -+, Vpy Upt1, &Y ((1)) < # (vo, vo, - - -, v0,v1,C1)
< ¥ (vo,v0,--.,V0,1,C) < eand
T WpyVpy e Vpy Vpt1,C) < T (Vp, Vp, -« o, Up, Vpit1, O (1)) < T (vo, v0, - - -, V0,11, (1)
< I (vo,vo0,--.,v0,v1,(0) < €.
That is, as p — 00, ¥ (Up,Vp, - -+, VUp, Vp+1,C) = L, W (Vp,Vp, ..., Vp,Up+1,() — 0 and
T (VpyVpy vy UpyVps1,() =+ 0 forany €>0 and (> 0.

For r€e N and (¢ > 0, we have
YV (Upy Upy -« oy Upy Vpgrs C) =V (yp, Upy vy Vpy Uptl,s %) 4 (Vp+1, Upt1y - Vpti, Upt2, %)
*-ox Y (Vp_w_l, Vptr—1y-««sVptr—1, Vptr, %) ,
W (Vp, Vp, .y Up, Vpgr, C) < W (up, Upy vy Vpy Upti, %) oW (uerl7 Vptiy---Vptl, Vp+2, %)
OLLLOW (l/err,l, Vpgr—ly .- Uptr—1, Vptr, %) and
T (UpyVpy -« oy Upy Vptr, ) < T (Vp, Vpy vy Vp, Upti, %) o4 <1/p+1, Vp4i,---Vptl, Vpt2, %)

Q0T (Vp+r—1yl’p+r—17 -y Upgr—1, Vptr, ;) .

Letting, p — oo, we get,
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YV (Vpy Vpy ooy Upy Vpgry, ) 2 1k 1k x 1= 1, (Vp,vp, .., Up, Vpyr, () < 000O...00=0 and F(vp,vp,...,
Vp, Vptr, () S0® 0O ---®0=0. Thus the sequence {v,} is a Cauchy sequence. O

Theorem 4.2. Let (2,7, W, T ,%,<,0) be a complete NMS and (X, <) be a partially ordered set. 7 : % — X
and Z:X — X be two maps such that

(4.2.1) (X)) C E(X).

(4.2.2) S is a E-isotone mapping.

(4.2.8) Assume that a function ¢ € Dy, exists, such that
V(A (@), H (D) ... H (@), H (w), $(C)) =V (E(@
W(H (@), H(©)... (@), H(w),d(C)) < #(E(
T(H (), (@) ... (@), (w), () < 3(5(‘

forallo,w e X,{ >0 and E(®) < E(w).
A and E(w) are continuous and compatible maps.

If there exists wo € X such that E(wo) ~ (o), then A and = have a coincidence point.

Proof. Choose a point @y € X such that Z(wo) &~ (o). Given that, #(X) C E(X). So, we choose w1 € X
such that Z(w1) = H(wo).

Continuing in this manner, we assemble a sequence

{@p} € X for p € NU {0} like that E(wpy1) = H(wp). Since E(wo) ~ (@), we suppose that Z(wo) = H(wo).
Assume that E(wp—1) < E(w,) and we have ¢ is E-isotone mapping which suggests S (wp_1) = I (0p). We
set E(wo) = vo 2 H(Z0) = v1 and H(wp—1) = vp = F(Wp) = Wpt1-

Thus, the sequence {v,} is an increasing sequence. From (4.2.3), we get

7/(1/1771/2)7---7Vp7VP+17¢(<)) 7/(%—17%—1“'% 17%7¢( ))

>V (E(@p-1), E(@p-1) - .. E(@p-1), E(@p), )
=7V (Vp—1,Vp-1,- -, Vp— 17”17707

W (Vp,Vp, - Vp, Vpt1, 9(Q)) = W (Hp—1, Hp—1 ... A1, 3, 3(Q))
SW(E(% 1)7~(wp 1) - E(W0p-1),E(wp), €)
=W (vp— 1,1/p 1,...,Vp,1,l/p,g“)and

T Wp,Vps -+ -3 Vp Vpt1, 0(C)) = T (Hp1, - A1, Hp, $(C))
< T (E(wp- 1):~(°~’p 1) - E(@p-1), E(@p), C)
=T (Vp—1,Vp— 1,...,Vp_1,up,C)

for all p € NU {0} and ¢ > 0. Clearly ¢({) > 0 for every ( > 0. From Lemma (4.1), we determine that {v,}
is a Cauchy sequence. Since (2,7, # ,7,*,<,®) be a complete NMS, there exists a point v € X such that
lim ¥, =v. Thatis, lim J#(®p) = lim =(&p) = v. Since S and E are compatible,

p—o0 p—00 p—o0

lim V(A (E(&p)), A (E(@p)), - - -, H(E(@p)), E(H (@), €) = 1,

i ((@(5), #E (@), H(E(@)), EH (), ) = 0 and
lim 7 (H(E(wp)), 7 (Z(wp)) , H(E(wp)), 2(H(w0p)),¢) =0, for all ¢ > 0.

Since J# and = both are continuous maps,

V(A (v), H(v),...,(v),E(v),() =1,
W (A (v), 7 (v),...,7(v),2(),() =0 and
T(H(v), H(v),..., (), E(v),() =0,
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for all ¢ > 0, which suggests that, Z(v) = ##(v). Hence v is a coincidence point of 5 and = in X. O

Theorem 4.3. Let (2,7, W, T ,%,,0) be a complete NMS and (X, <) be a partially ordered set. 7 : %X — X
and = : X — X be two maps such that

(4.3.1) A (X) CE(X)
(4.3.2) S is a E-isotone mapping
(4.3.8) Assume that a function ¢ € Dy, exists, such that

V(A (@), H (D) ... (), H(w), $(¢)) = V (E(@
WA (@), A (@) ... H (@), # (), p(C)) <
T(H(0), (D) ... (D), H (W) N< T
forallo,w e X,(>0 and Z(®) = E(w).

(4.3.4) X has the following property

(a) If {&p} is a increasing sequence such that wp — & then wp < @ for all p € N.
(b) If {&p} is a decreasing sequence such that @, — & then @y, > @ for all p € N.

(4.3.5) Z(%) is closed
If there exists o € X such that Z(@o) ~ (o), then A and = have a coincidence point.

Proof. Consider a point &o € X like that Z(wo) ~ (o). Given that, #(X) C E(X). So, we choose w1 € X
such that Z(w;) = 4 (wo).

Proceeding like this way, we assemble a sequence

{@p} € X where p € NU{0} like that Z(wp+1) = H(@p). Since Z(wo) = H(@o), we suppose that =(wg) < J(&o).
Assume that E(wp—1) = E(wp) and we have 2 is E-isotone mapping which suggests J(wp—1) = I (@p). Set
E(u_)o) =1y X 1%”(@0) = v1 and %(u_}pfl) =Vp < 1%”(5),,) = VUp+1.

Thus, the sequence {v,} is an increasing sequence. From (4.3.3), we get

4//(7/1777/17’"'7VP7VP+17¢(C)) 7/(% 17%*1"'%*17%7¢( ))

>V (E(@p-1), E(@p-1) - .- E(@p-1), E(@p), ¢)
=¥ (Vp—1,Vp— 1,...Vp_1,1/p,(),

W (Vo Vps oo Vps Vi1, Q) = W (Hpr, Ay ... Hip1, Hp, $(C))
SW(E(‘UP 1), E(@p-1) - .. E(@p-1), E(@p), ¢)
=W (Vp—1,Vp—1,...Vp— 1,V,,,C)and

T (VpsVp, - Vpy Vpt1, 9(Q)) = T (Hp—1, Hp—1 . .. Hp—1, I, $(C))
<. (5(% 1), E(@p-1) . .. E(@p-1), E(@p), )
=T (Vp-1,Vp-1, .- ~Vp*1»7/p7§)

for every p € NU {0} and ¢ > 0. Clearly ¢(¢) > 0 each ¢ > 0. From Lemma (4.1), we decide that {v,}
is a Cauchy sequence. Since (2,7, #,7,%,<,®) be a complete NMS, there exists a point v € X such
that lim %, = v. That is, lim %(wp) = lim E(@p) = v. Since E(X) is closed, there exists vy € X such
p—o0 p—ro0

p—ro0

pll)rgo H(wp) = IglgrolO 2(@wp) = E(w) = .

E(wp) is a non-decreasing sequence. So, Z(wp) < (o) for all p € N.
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Using Lemma (3.2) and Lemma (2.3) we get

V(H(@p), H(@p), - - ., F(@p), F(v0), ) 2 V(I (©p), H(@p), - - - s H (@p), 7€ (v0), d(s))
> V(E(@p), E(@p), - - -, E(@p), E(v0), 5)
> V(E(‘:"P)’ E(‘DP)’ e ’E(&P>: =(v0),¢),

W(H (@p), F(@p), . .., H(@p), H(v0), () < W (H (@p), H(@p), ..., 7 (0p), F(vo), ¢(s))
< W (E(@p), E(@p), - -+, E(@p), E(v0), 9)
< W (E(@p), E(@p), -+ -, Z(@p), E(r0)), ¢) and

T (H(@p), 7 (wp), -+ F(@p), H(v0), () < T (H (@p), H(@p), - - -, H(@p), I (v0), d(s))
< T (E(@p), B(@p), - -+, E(@p), E(v0), 5)
< T (E(@p), E(@p), - -, E(wp), E(v0)), )

for all ¢ > 0 and p € N, taking p — oo in above inequality we get J#(w,) — #(10) and we conclude that the
limit is unique because of this J#(v9) = Z(vp). Thus vy is a coincidence point of # and E. O

Theorem 4.4. A unique coincidence point exists between S and Z if X is a totally ordered set, in addition to
the assumptions of Theorems (4.2) and (4.8). Furthermore, if E is weakly compatible with J then H and =
have a one and only common fized point.

Proof. Consider that w,v € X are coincidence points of J# and =. Since, every coincidence points w,v € X,
there exists a point w € X such that E(w) is comparable to Z(w) and Z(v). Let wo = w then establish a sequence
E(wp). The sequence Z(wp) and its limit defined,similar as in Theorem (4.2) and Theorem (4.3), so we have
E(wpt1) = H(wp) and E(wo) = H#(w1). We have CILIEO Y (Ew),Ew)...EWw),Ev),() =1,

lim 7 (E(w),

¢{—o0

lim 7 (E(w),

¢—o0

V(E(w0)75(w0 )75(1/)7(1) >1—k¢
W (E(wo), E(wo) - .. E(wo), E(V), (1) < € and
T (E(wo), E(wo) ... B 2v), ) <e

As ¢ € @, so there exists s > (1 such that lim ¢P(s) = 0. It suggests that, there exists p, € N such that
p—oo
¢P(s) < t every p > p, and ¢ > 0. Consider,

[11

(w)...E(w),E(¥),() =0 and

[1]

(w)...E(w),E(v),¢) = 0, it suggests that for each € € (0,1) there exists t1 such that

jul
€
o

Y (E(wp), E(wp) - - - E(wp), E(w), ¢) = ¥ (E(wp), E(wp) - - - E(wp), E(w), ¢7(s))
= V(K (wp—1), H(wp—1) ... (wp_1), (@), $"(s))

> ¥ (S(wp-1), E(wp—1) - - - E(wp—1), E(w), 7~ ()
> 2 Y (E(wo), E(wo) - - - E(wo), E(w@), 5)
> Y (E(wo), E(wo) - - - E(wo), E(w), €1)
>1—c¢,
W (E(wp), E(wp) - - - E(wp), E(w), () < # (E(wp), E(wp) - - - E(wp), E(w), ¢* (s))

W(H(wp_1), H(wp_1) ... K (wp_1), (@), $7(5))
W (E(wp—1), E(wp—1) - - E(wp—1), E(=), 8P~ (s))
- < H(E(wo), E(wo) - - - E(wo), E(w), 5)

W (E(wo), E(wo) - - - E(wo), E(w), ¢1)

€ and

T (E(wp), E(wp) - - - Ewp), E(w), ¢P(s))
9(Jf(wp,1),yf(wp,1)...yf(wp,l),yf(w),¢p(s))
T (B(wp—1), Ewp—1) - - - E(wp_1), Z(w), 8" 1 ()

-+ < T (E(wo), E(wo) - - - E(wo), E(w), 5)

T (2(wo), E(wo) - - - E(wo), E(w), ¢1)

€,

IN N IN N IA

T (E(wp), E(wp) - - . E(wp), E(w), ()

U]

ININ NN

for all p > p, and ¢ > 0.
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Hence, lim =(wp) = E(v) and similarly we can easily show that lim Z(w,) = Z(@) and from the uniqueness of
p—0o0 p—roo

limit we get Z(v)

—

Z(w).

Now, let 27 (v) = E(v) = e and 4, E are weakly compatible mappings.
That is, 5 (e) = ' (E(v)) = E(H(v)) = E(e).
So e is a coincidence point it suggests that 7 (e) = #°(v) = e. Thus e is a coincidence and common fixed point

of # and E. Now, imagine that there is e/(;é e) € X like that %”(el) = E(e/) =
Then e = E(e) = E(el) =¢'. Thus, # and Z have a unique common fixed point. O

Example 4.5. Let X = [0,1] and (X, =) be a partially ordered set. Let 5 and 2 are two self mappings in X
such that 7(0) = %2 + % and E(@) = @ for all @ € X. Then we can easily get condition #'(X) C E(X) and A
is a E-isotone mapping. Let ¢(¢) = 5, for all ¢ > 0.

Define ¥ : XP x (0,00) such that

e e o () = ¢
Y (@1, @2, @3- 0p, () = Ct+ o (©1,02,03...0p)

- - - - H(@1,02,3...5

W (@01,62, @5 @09, Q) = s 2a=2)s and

T (01,002,053 ... 0p,C) = (21,02, 0p)

where o/ (01,02, @3 ... 0p, () =20 _1 30, ;|0 —wj| forall @1,02,03...0p €X and ¢ >0.

Let @ * w = min{w,w}, 0w = max{@,w} and © ® w = max{w,w} for all ,w € X.

Then (2, ¥V, W, T, <,0) is a complete NMS.

Now,

7/(“%&(@)7'%}(‘:))7'“7%(‘:’)7%(“})7(?5@)) = ¢(C)+\3g((8 EAOIE C_Hgg_le}
WA @), H@),..., @), #(w),6(C) = 5@ = ezl ang
T (A @), H (@), ..., (@), #(w),$(C )) = et _ Jotoe]

YV (E®),E@),. ., E@),EW),¢) = ma=a

W(E(@),E(G)), .. '75(5))’5(“})7<) = C_l‘j;ijld‘;

7 (E(@),E(@), ..., E(@), E(w),¢) = 224, for all @,w € X and ¢ > 0.

We get,

V(A (@), H (@), ..., H(©), #(w), () =V (E(@),E@),...,Z(®),EWw),(),

W (H(@), H(@),..., (@), (), () < (E®),E@),...,E(@),Ew),¢) and
T(H@), @), .., (@), #(w),6(0)) < TE@),Z@), ., (@), Ew), O).

Consider the possibility that o = 0 such that E(wo) = 0 < (o), we can create a sequence v = =Z(&o) and
Wpt1 = E(Wpy1) = H(wp) for p € NU{0} and a sequence
{vp} = {1/0 =0,11 = 1 JVy = 8,1/3 = 18298,. } this sequence {vp} is a non-trivial sequence.

By Theorem (4.4), jf and = have a distinct common fized point, as shown, i.e.,v = 1.

Corollary 4.6. In addition to hypothesis of Theorem (4.2) and Theorem (4.3), suppose that 7 : X — X be a
mapping such that F is increasing and non-discontinuous mapping and = : X — X be an identity map, then J
and 2 has a common fixed point. If X is a totally ordered set, then J and E has a unique common fixed point.

5 Conclusion

By using certain coincidence point and common fixed point results for a pair of mappings, we want to propose
some multidimensional coincidence and common fixed point theorems for ¢-contraction in partially ordered
neutrosophic metric spaces in this paper. We also give an illustration of the applicability of our key findings.
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