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ABSTRACT

In this paper, we introduce the generalized 6-primes sequence and we deal with, in detail, three
special cases which we call them 6-primes, Lucas 6-primes and modified 6-primes sequences.
We present Binet’s formulas, generating functions, Simson formulas, and the summation formulas
for these sequences. Moreover, we give some identities and matrices related with these sequences.

Keywords: Hexanacci numbers; 6-primes numbers; Lucas 6-primes numbers; modified 6-primes

numbers.
2010 Mathematics Subject Classification: 11B39, 11B83.
1 INTRODUCTION primes, Lucas-6-primes and modified 6-primes

sequences.

In this paper, we define the generalized 6- The sequence of Fibonacci numbers {F,} and
primes sequences and we investigate, in detail, the sequence of Lucas numbers {L,} are
three special cases which we call them 6- defined by

Fn: n—1+Fn—27 n22, FOZO,F1:1,
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and
Ln:Ln_1+Ln_2, n22, L0:2, L1:1

respectively. The generalizations of Fibonacci and Lucas sequences produce several nice and
interesting sequences.

The generalized Hexanacci sequence {W,,(Wo, Wi, Wa, W, W4, Ws; 11,72, 73, T4, 75, 76) fn>0 (OF Shortly
{W,}n>0) is defined by the sixth-order recurrence relation

Wn = riWnor+roeWhno4+1r3Whz +raWan_ga +1r5Whn_5 + r6Whn_s, (1.1)
Wo = cooWi=c1,Wa=co, Wa=c3,Wa=c4, W5 =c¢5,n>6

where Wy, W, Wy, Wi, Wa, W5 are arbitrary real or complex numbers and r1, 72, r3, 74, 75, 76 are real
numbers. The sequence {W, },>o can be extended to negative subscripts by defining

Ts T4 T3 2 1 1
an - 7*W7n+1 - *W7n+2 - *W7n+3 - *W7n+4 - *W7n+5 + 7W7’n+6
Te Te T6 Te T6 Te

for n = 1,2,3,... when r¢ # 0. Therefore, recurrence (1.1) holds for all integers n. Hexanacci
sequence has been studied by many authors, see for example [1], [2].

As {W,} is a sixth-order recurrence sequence (difference equation), it's characteristic equation is
2% — 2’ — ozt — s —rux® —rsx —rg =0 (1.2)

whose roots are a1, az, as, aq, as, as. Generalized Hexanacci numbers can be expressed, for all
integers n, using Binet’s formula.

Theorem 1.1. (Binet’s formula of generalized Hexanacci numbers)

6 bkak
Wn=) ——Fk (1.3)
k=1 [T (o — )
j=1
k#j
where
b1 = Ws—(az+ as+as+ as +os)Ws + (0205 + azas + asos + asas + asas + azas + asos + asos + asas + asas) W3
—(agasag + oo + appoy + aaagag + astats + oy + oy + 53y + Qg + dgagay ) Wa
+(aaasazog +azasazey + aaasagay + aazagey + azazagay) W — agazazagag W,
by = Wy— (o1 +03+ag+as+ag)Wy+(01a5+a10s + o106 + a1y + asay + asag + Aoy + agag + agay + agay)Wa
—(oiosos + oasoe + arasog + oo + 00 Gac + 000 + s 00 + asaaty + osasty + asoeog )W
+(aiasasog + a1asozas + a1asaaad + o esastg + asasasas) Wi — arazasagas Wo,
by = Ws—(a1+a2+as+as+as)Wi+ (a1a2 + aras + a1a6 + azas + o104 + a2as + asas + a2aq + asas + asas)Ws
—(a1agas + ayagag + aagag + araaoy + ajasoy + agagag + ajagny + aaasay + aagoy + agagoy)Wa
+(ayagasog +ajasopoy + arapagoy + apazagoy + agasogay )W — agjagasagasWy,
by = W;—(a1+az+as+as+ag)Wy+(a102 +aras + arag + a0 + azas + aaag + agag + a5a3 +azag + agag)Wa
—(aiasas + opasos + apooog + alasos + oasas + p0aoe + aooses + aaastg + azasas + asasag ) Wa
+H(aiasasag + araeasos + o Gzastg + o asasas + azasasas )W — apasasazasWo,
bs = Ws—(on+oaz+as+os+as)Wit (oo +aias +oros + aros + azos + asae + azos + asas + asas + asas)Ws
—(az03 + ajagag + apagayg + @ azag + a3y + AR + Q20306 + K03y + aaagay + agagay)Wa
+(a1020306 + ajaz0a3ay + ajasagoy + ajazagay + agagagay )Wy — ajasazagasWo,
bg = Ws—(a1+o02+a3+as+os)Wat (002 +aas + 010z + aoos + o10g + ooz + asas + oooy + asog + azas)Ws

—(cnc!zozs + 203 + B3 + 20y + ] 504 4 253 + O] (v30q + 2504 + a3y + 0:503&4}1'1"2

+larazasas + arazasoq + ararazas + alasazas + azasaszas)Wi — arazasazaaWo.

Usually, it is customary to choose 71,72, 73,74, 75,76 SO that the Equ. (1.2) has at least one real (say
«1) solutions.
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Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers
n, for a proof of this result see [3]. This result of Howard and Saidak [3] is even true in the case of
higher-order recurrence relations.

In this paper, we consider the case r1 = 2,73 = 3,73 = 5,74 = 7,75 = 11,76 = 13 and in this case we
write V,, = W,,. For recent relevant studies, see [4,5,6,7,8]. Note that 2,3,5,7,11 and 13 are prime
numbers. Prime numbers are numbers that have only 2 factors: 1 and themselves. For more details
on prime numbers, see for example [9].

A generalized 6-primes sequence {V, }n>0 = {Vi(Vo, Vi, Va2, V3, V4, V5) }n>o is defined by the sixth-
order recurrence relations

Vn - 2Vn71 + 3Vn72 + 5Vn73 + 7Vn74 + 11Vn75 + 13Vn76 (1 4)
with the initial values Vo = co, Vi = ¢1, Vo = ¢2, V3 = ¢3, Vi = ca, V5 = ¢5 not all being zero.
Note that the prime numbers 2,3,5,7,11 and 13 are the coefficients of the difference equation (1.4).

We investigate, in detail, the sequence which is given in (1.4). This is why the paper has the title
‘Properties of Generalized 6-primes Numbers’.

The sequence {V, },.>0 can be extended to negative subscripts by defining

11
13
forn =1, 2,3, ....Therefore, recurrence (1.4) holds for all integer n.

7 5 3 2 1
Ve = =2 Voino1) — Tgvf(n72) - EVf(nﬁ%) - Evf(n74) - Tgvf(n75) + ﬁvf(nffi)

(1.3) can be used to obtain Binet’s formula of generalized 6-primes numbers. Binet's formula of
generalized 6-primes numbers can be given as

oL b6y
_ KOk
V=) — (1.5)
k=1 1T (0 — 05)
Jj=1
k#j
where
by = V5 — (02403 + 04+ 05+ 06)Va+ (0205 + 0203 + 0206 + 0503 + 0506 + 0204 + 0504 + 0306 + 0304 + 0604)V3

—(020503 + 020506 + 020504 + 020306 + 050306 + 020304 + 020604 + 050304 + 050604 + 030604) V2
+ (020503606 + 026050304 + 02050604 + 0260306604 + 05030604)V1 — 020560306604V,

by = V5 —(01+03+04+05+06)Va+ (0105 + 0103 + 0106 + 0104 + 0503 + 0506 + 0504 + 0306 + 0304 + 0604) V3
—(010503 + 010506 + 010504 + 010306 + 010304 + 010604 + 050306 + 050304 + 050604 + 030604) V2
+(01050306 + 01050304 + 01050604 + 01030604 + 05030604)V1 — 0105030504 V0,

b3 = V5 — (01 + 02404405+ 06)Vy+ (0102 + 0105 + 0106 + 0205 + 0104 + 0206 + 0506 + 0204 + 0504 + 06604) V3
—(010205 + 010206 + 010506 + 010204 + 010504 + 020506 + 010604 + 020504 + 020604 + 050604) V2
+(01020506 + 01020504 + 01020604 + 01050604 + 02050604)V1 — 0102050604 V0,

by = V5 —(01+02+03+05+06)Va+ (0102 + 0105 + 0103 + 0106 + 0205 + 0203 + 0206 + 0503 + 0506 + 0306) V3
— (010205 + 010203 + 010206 + 010503 + 010506 + 010306 + 020503 + 020506 + 020306 + 0503606) V2
+(01020503 + 01020506 + 01020306 + 01050306 + 02050306)V1 — 01602050306 V0,

bs = Vs — (01 + 02403404+ 06)Va+ (0102 + 0103 + 0106 + 0104 + 0203 + 0206 + 0204 + 0306 + 0304 + 06604)V3
—(0160203 + 010206 + 010204 + 010306 + 010304 + 010604 + 020306 + 020304 + 020604 + 030604) V2
+(01020306 + 01020304 + 01020604 + 01030604 + 02030604)V1 — 0102030604V,

bg = V5 —(01+02+03+04+05)Va+ (0102 + 0105 + 0103 + 0205 + 0104 + 0203 + 0503 + 0204 + 0504 + 0304)V3
— (010205 + 010203 + 010503 + 010204 + 010504 + 020503 + 010304 + 020504 + 020304 + 050304) V2
+(01020503 + 01020504 + 016020304 + 01050304 + 02050304)V1 — 016026050304 Vp.

Here, 01, 602,03, 04,05 and 65 are the roots of the equation

2 —22° — 32* —52® — 72? — 11z — 13 = 0. (1.6)
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Moreover, the approximate value of the roots 61, 05, 63, 04,05 and 0 of Equation (1.6) are given by

01 3.515372711921757,
02 —1.183212731145181,
03 = —0.7228110394202282 + 1.0633691207654961,

04 = —0.722811039420228 2 — 1.063369120765496¢,
05 = 0.5567310490319399 + 1.257207305141223¢,
0s = 0.5567310490319399 — 1.257207305141223:.

The first few generalized 6-primes numbers with positive subscript and negative subscript are given
in the following Table 1.

Table 1. A few generalized 6-primes numbers

n Va Von
0 Vo
1 V; SV —EVi— SV Va—2Vi— B
2 1'l kY H 15{ 12 115 33'& 3”01
: /2 Gk ot 2+ 3 5 V4 — /5
. v oud 00 35 ésm e g0
s 1wl zllgf ggr 3 ggeptl - grgpndot sigr s
4 Vi 985 G]‘0+ l'l—Tl'Q—g— 3+1p Vi — o5tar Vs
; oAl Sl T MM A
y ; T e AT q.if‘&éf” 3t f%?"’ ; 324@33 334234 ITEPR8. |, TiEfdes
6 18Vo+11Vi A TVe +5VE +3VA +2VE  pznnnn mo6s0a V1t 5 V2 — Taopmoe V3 T Iazg 09"4_4 26505 V5

Now, we define three special cases of the sequence {V,,}. 6-primes sequence{Gy}.>0, Lucas 6-
primes sequence {H,},>o and modified 6-primes sequence {E, }.>o are defined, respectively, by
the third-order recurrence relations

Gnie = 2Gnit5+3Gnta+5Grta+ TGni2 +11Gny1 +13Gh, Go=0,G1=0,G2=0,G3a=0,G2=1,Gs =2,
Hpse = 2Hny5+3Hnt+a +5Hpn+3+ THn42 +11Hpn41 +13Hn, Ho=6,H1 =2,H2 =10, H3 = 41, H4 = 150, Hs = 542,
E.i6 = 2B, 5+3E,4+5E,43+7E, 2 +11E,,1+13E,, Ey=0,E,=0,E=0,E3=0,E;=1,E;5=1.

The sequences {Gr }n>0, {Hn}n>0 and {E, },>0 can be extended to negative subscripts by defining

11 7 5 3 2 1
G n= 7173G7(n71) - EGf(n72) - 17362("73) - EG,(TL,@ - EG7<n75) + Tng(nf6)7 (1.7)
11 7 5 3 2 1
= 7173H7(n71) - TSHf(n72) - 173H7(n73) - 173H7("74> - 173H7(n75) + EH%nfe) (1.8)
and
11 5 3 2 1
E_,= 3E (n—1) — 3E7(n 2) — 3E (n—3) — 3E7(n74) - TgEf(nf.S) + TgEf(nfﬁ) (1.9)

forn =1, 2,3, ... respectively. Therefore, recurrences (1.7), (1.8) and (1.9) hold for all integers n.

Note that the sequences G.., H, and E,, are not indexed in [10] yet. Next, we present the first few
values of the 6-primes, Lucas 6-primes and modified 6-primes numbers with positive and negative
subscripts:

15
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Table 2. The first few values of the special sisth-order numbers with positive and negative

subscripts
n 0 1 2 3 4 5 6 7 8 9
e 0 0 0 0 1 2 7 25 88 311
- 0 a _ g1 30 _ 174 1888 _ 14905 941082 _ 15241956
et 13 169 2197 28561 a7v1293 4826809 62748517 815730721
H, 6 2 10 41 150 542 1909 6617 23302 81977
H _ 11 _ 61 __ 863 _ 2028 _ BO756 4839977 _ 40911574 100922415 _ 1281284909
el 1 169 2197 28561 371293 4826809 62748517 815730721 10604499373
E. 0 0 0 0 1 ; ;
E _ade 24 I 564 _ 4150 30440 _ 1134847 27476022 _ 301397417
= 13 169 219% 28561 371203 4826809 62748517 815730721 10 604499373

For all integers n, 6-primes, Lucas 6-primes and modified 6-primes numbers (using initial conditions
in (1.5)) can be expressed using Binet’s formulas as

6
0n+1
G’ﬂ - 6 k 9
k=1 T] (6 — 0;)
j=1
k#j
6
H, = > 0f=07+05+05+0F+05+0,
k=1

6

0 — 1)o7 Tt
E, = Z(k )k

)

respectively.

2 GENERATING FUNCTIONS AND OBTAINING BINET FORMULA
FROM GENERATING FUNCTION

Next, we give the ordinary generating function >~ V,z" of the sequence V,,. The following lemma is
n=0

a special case of a well known formula of generating functions of the generalized m-step Fibonacci

numbers which can be found in the literature (see for example [11]).

Lemma 2.1. Suppose that fv, (x) = > V,z" is the ordinary generating function of the generalized

n=0

6-primes sequence {V,. },>o. Then, > V,z" is given by
n=0

[eS) . A
nZ:Oan T 127 — 322 — 545 — 7ot — 1125 — 1325 (1)

where

-
I

Vo + (Vi —2Vo)a + (Vo — 2V1 — 3Vo)a® + (Vs — 2V — 3V4 — V)
+(Va — 2V — 3Ve — 5V4 — TVo)z" + (Vs — 2V — 3V3 — 5Va — TV; — 11Vp)2”

6—1 7
% +Z$Z <‘/z — Z’I’j%j) .
i=1 j=1

16
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The previous lemma gives the following results as particular examples.

Corollary 2.1. Generated functions of 6-primes, Lucas 6-primes and modified 6-primes numbers are

4

> X
Hyz" = ,
nz:% T 127 — 322 — 5a® — 7ot — 11a° — 1326

and

i oogn — 0102 —122% — 152% — 142" — 11a°
r = )
i 1— 2z — 322 — 5z® — 7ot — 1125 — 1326

and
5

" 2t -2
E Ep,x" = - -
— 1—2x— 322 — 523 — 7ot — 1125 — 1326
respectively.

We next find Binet’s formula of generalized 6-primes numbers {V,,} by the use of generating function
for V.

Theorem 2.1. (Binet’s formula of generalized 6-primes numbers)

6
dioy
Vv, = Z _ (2.2)
k=1 1] (0x — 0;)
j=1
k]
where
6—1 ) i
di = VoS4 60 [m - ermj] :
i=1 j=1
6—1 ) 7
dio= Voot 4> 0T V=) rVig |, 1<1<m=6,
i=1 j=1
™1 = 277'2:377“3:571“4:7,T5:11,7“6:13.
Proof. Let

h(z) =1 -2z — 32 — 52® — 72" — 112° — 132°.
Then for some 61, 02, 65,04, 05 and 6 we write

h(z) = (1 —6012)(1 — O22)(1 — O32)(1 — O4z)(1 — O52) (1 — Osx)
i.e.,

1—22—32" —52° — 72" —112° —132° = (1 - 012) (1 — 022) (1 — O32) (1 — Ba) (1 — O52) (1 — Bsz). (2.3)

This implies z® — 225 — 32* — 52% — 72® — 11z — 13 = 0. Now, by (2.1) and (2.3), it follows that

SN Vot Yol a [Vi— Doy miViss]
;V"“’ T (1= 012)(1 — 022)(1 — 032) (1 — 032)(1 — O52)(1 — Oz)”

17
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Then we write

Vo+ 8ot o [Vi — By miVin] _ A M, Aa A A, A
(1 —012)(1 — O2z)(1 — O3z)(1 — Bazx)(1 — Osx) (1 — Ogz) T (1—612) (1—62z) (1—63z) (1—0az) (1-—0sz) ‘ (1—#sz)
(2.4)

So
6-1 i
Vo+ D@ |Vi— > Vi
i=1 j=1

= A1(1—02z)(1 — 032)(1 — 042)(1 — O52)(1 — Ogz) + A2(1 — O12)(1 — O32)(1 — O42)(1 — O52)(1 — O)
+A3(1 — 012)(1 — O22)(1 — 042)(1 — O52)(1 — Ogx) + Aa(l — O12)(1 — O22)(1 — O32)(1 — O52)(1 — )
+A5(1 —012)(1 — 02z)(1 — 03z)(1 — O42)(1 — Ogzx) + Ag(l — 012)(1 — O22)(1 — 03z)(1 — O42)(1 — O5x).

If we consider z = -, we get
1

Vi +6§ 1y V-—irv 1= a1 = P2y = By = Oy = Oy - O
B A =T IR 7S TS 7S ZE N
This gives
W 67 (Vo + 302, (%) [Vi - Tsz‘fj})
' (01— 02)(01 — 03) (61 — 0a) (01 — 05)(61 — O6)
Vodp ™+ 0 00 Vi B Vi
© (01— 02)(01 — 05) (01 — 04)(01 — 05) (61 — Os)
Similarly, we obtain
R B > = i L > T )
P (02— 00)(02 — 03) (02 — 04)(0> — 05) (62 — O5)
N Voot + 0 65 [% - eri,]}
P (85— 01)(05 — 02)(05 — 02) (05 — 05) (05 — 65)
| Vol ™+ S0 0471 (Vi = S Vi
b (04— 00)(0a — 02) (01 — 05)(0a — 05) (64 — 05)
v =1 Vi = SimamsViss]
T (05— 00)(05 — 02)(05 — 05)(05 — 04) (05 — 05)
N Volg t+ 30 05 [% - TjVi—j]
P

(06 — 01)(0s — 02)(06 — 03)(0 — 04)(06 — 05)
Thus (2.4) can be written as

Z Vo™ = A1(1—01m)71+A2(1—92I)71+A3(1—931‘)714-144(1—941})71+A5(1—951‘)71—5-146(1—0633)71.

n=0

This gives

[eS)
g Via™
n=0

AL 0TI+ A 05" + Az Y 033" + Ag Y Oia" + A5 Y 05" + Ag y_ Oga"
n=0 n=0 n=0 n=0 n=0 n=0

= ) (107 + As05 + As05 + As0F + As05 + Aelg )"
n=0

18
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Therefore, comparing coefficients on both sides of the above equality, we obtain
Vi = A107 + Ay + A305 + Au07 + As05 + AgOg
and then we get (2.2). O

Next, using Theorem 2.1, we present the Binet's formulas of 6-primes, Lucas 6-primes and modified
6-primes sequences.

Corollary 2.2. Binet’s formulas of 6-primes, Lucas 6-primes and modified 6-primes sequences are

6 1
ot
Gn = e
k=1 TI (6 — 0;)
j=1
K]
6
H, = Y 0 =0{+05+05+07+05 +05,
k=1
6 n+1
_ (ek — 1)9k+
R S
k=1 TT (6 — 0;)
j=1
K]

respectively.

3 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,, }, namely,
Fop1Fy ) —F2 = (—-1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.
This can be written in the form

Fn+1 Fn _ n

’ Fn Fn—l o (_1) ’

The following theorem gives generalization of this result to the generalized 6-primes sequence {V,, }..>0.

Theorem 3.1 (Simson Formula of Generalized 6-primes Numbers). For all integers n, we have

Vats Vata Vags Vaga Ve Vi Vs Vo Vza Vo Wi Vo
Vava Vags Vage Vagr Voo Vo Vi V3 Va \ %1 Vo Vo
Viis Varz Ve Voo Vaor Vo | L (—1)"13" Vs Voo Vi Vo Vo Voo
Vn+2 Vn+1 Vn Vn—l Vn—2 Vn—S V2 ‘/1 ‘/O V—l V—Q V—S
Varr Voo Vaor Vaio Vs Vag i Vo Voo Voo Vg V4
Vn anl Vn72 Vn73 Vn74 Vn—5 Vb Vfl V72 Vfg V74 V,5

Proof. Itis given in Soykan [12]. O

The previous theorem gives the following results as particular examples.

19
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Corollary 3.1. For all integers n, Simson formula of 6-primes, Lucas 6-primes and modified 6-primes
numbers are given as

Gn+5 Gn+4 Gn+3 Gn+2 Gn+1 Gn
Gn+4 Gn+3 Gn+2 Gn+l Gn G
Gn+3 Gn+2 Gn+1 Gn Gn—l Gn—2 _ (_1\nt+1 n—4

Gn+2 Gn+1 Gn Gn—l Gn—Z Gn—3 _( 1) 13 (31)
Gn+l Gn anl Gn72 an?: G
Gn Gn—l Gn—Z Gn—3 Gn—4 G

and

Hn+5 Hn+4 Hn+3 H’n+2 Hn+1 Hn
Hyis Hpis Hpyo Hppn Hyn Hp
Hnys Hpyo Hpyn Hp Hpo1 Hp—o 5 n4lqon—5
= 99191747 x 2° x 41 x (—1 13 3.2
Hn+2 Hn+l Hn anl Hn72 H’n73 ( ) ( )
H,_y
Hns

Hn+1 Hn Hn—l Hn—? Hn—S

and
En+5 En+4 E7L+3 En+2 En+1 En
En+4 En+3 En+2 En+1 E,

E
En+3 En+2 En+1 En Enfl En72 3 n+1 n—>5
=5x2"x (-1 13 3.3
En+2 En+l En Enfl E7L72 En73 ( ) ( )
E
E

En+1 En En—l n—2 En—S

respectively.

4 SOME IDENTITIES

In this section, we obtain some identities of 6-primes, Lucas 6-primes and modified 6-primes numbers.
First, we can give a few basic relations between {G,} and {H,}.

Lemma 4.1. The following equalities are true:

169H, = —61Gpy6 —21Gnts + 1483Gnta — 956G 43 — 886G n+2 — 863G p+1, (4.1)
13H, = —11Gny5+ 100Gp44 —97Gpy3 — 101G p42 — 118Gr41 — 61Gy,
H, = 6Gnta —10Gn4+3 —12Gp42 — 15Gpy1 — 14G,, — 11G -1,
H, = 2Gn43+6Gni2+15Gnt1 + 28G,, + 55Gp—1 + 78Gp—2,
Hy = 10Gni2 +21Gns1 + 38Gn + 69CGn_1 + 100Gn_2 + 26Gn_3,
H, = 41Gp41+68G, +119G,_1 + 170G —2 4+ 136Gp—3 + 130G —4,

20
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and

65069786032G,, = 17165493H,+¢ — 48224301 H,,+5 + 84682036 H,, 4 — 663056677 H 3
4802372816 H,,+2 — 86032399H 41,

65069786032G,, = —13893315H,,+5 + 136178515H,,+4 — 577229212H,,+3 + 922531267 H .42
4102788024 H 1 + 223151409H.,,,

65069786032G, = 108391885H,,+4 — 618909157H 43 + 853064692H,, 42 + 5534819H,, 41
470324944 H,, — 180613095H,, 1,

65069786032G, = —402125387H 43 + 1178240347H,,+2 + 547494244 H,,+1 + 829068139H,,
+1011697640H,,—1 + 1409094505H, 2,

65069786032G,, = 373989573H,+2 — 658881917H,,+1 — 1181558796 H,, — 1803180069 H,,—1
—3014284752H,,_2 — 5227630031 H,,_3,

65069786032G,, = 89097229H,+1 — 59590077H,, + 66767796 H,,_1 — 396 357741 H,,_2

—1113744728 H,, 3 + 4861864449H., 4.

Proof. Note that all the identities hold for all integers n. We prove (4.1). To show (4.1), writing
Hn :aXGn+6+bXGn+5+CXGn+4+dXGn+3+eX Gn+2+f><Gn+l
and solving the system of equations

Hy = aXG6+bXG5+C><G4+dXG3+€XG2+fXG1
H; aXG7+bXG6+C><G5+dXG4+6XG3+fXG2

Hy, = aXG8+bXG7+C><G6+dXG5+6XG4+fXG3

Hs = axGo+bxGs+exGr+dxGs+exGs+ fxGy

Hy, = CL><G10+bXG9+CXG8+dXG7+€XG6+fXG5

H5 = a><G11+bXG10+CXG9—|—d><Gs—|—€><G7—|—f><GG
wefindthata = — 35 b= — 25 c= 1388 g = 950 ¢ = 385 f — 803 The other equalities can

be proved similarly. O

Secondly, we present a few basic relations between {G.} and {E,.}.

Lemma 4.2. The following equalities are true:

169E, = 24Gpy6 —61Gnys —46Gn4a — 81Gr43 — 103Gr12 — 173G 41,
13E, = —Gnts5+2Gn4a+3Gnt3 +5Gny2 + TGt + 24G,,
E, = Gn—Gp-1,
and
140G, = FEnt6 — Ents —4FEn44 —9F,43 — 16E,40 — 27TE, 41,
40G, = Enys — Ensa —4Enis —9Fni2 — 16Ep+1 + 13E,,
40Gn = FEnsa— Enis — 4Enio — 9Ensr + 24E, + 13En_1,
40Gn = Bnis — Enio — AEns1 + 31E, + 24E,_1 + 13En_o,
40Gn = Enyo— Eps1 +36En +31En_y + 24E,_s + 13En_3,
40G, = FEn+1+39E, +36FE,_1+31FE,_2+24FE,_3 + 13E,,_4.
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Note that all the identities in the above lemma can be proved by induction as well.
Thirdly, we give a few basic relations between {H.,,} and {E,. }.

Lemma 4.3. The following equalities are true:

65H, = —36Eni6—19FE, 5+ 589F, 4+ 284F, 3+ 31E, 12— 163E, 1,
5H, = —T7FEni5+37Enia~+8En 3 —17En o —43E, 1 — 36E,,
5H, = 23FEni4—13E,43—52En.0 —92F, 1 — 113E, —91E,,_1,
5H, = 33En43+ 17Eni2+ 23En41 +48E,, + 162E,_1 + 299E,, _o,
5H, = 83Enio+122E,11 + 213E, +393E,_1 + 662E,_2 + 429F,,_s,
5H, = 288F,+1 +462E, + 808E,_1 + 1243E,,_2 + 1342F,,_3 + 1079F,,_4,
and
105738402302FE,, = 38647976H,1¢ — 127766515H 45 + 183710648 Hy,+4 — 1268845658 H,, 13
+2306044577H 42 — 1561953023 H,, 11,
8133723254F,, = —3882351H 45 + 23050352H,,+4 — 82738906H ,+3 + 198198493 H 42
—87448099H,, 1 + 38647976 H,,,
8133723254F, = 15285650H,,4+4 — 94385959H,,43 + 178786738 Hyp 2 — 114624556 H,, 1
—4057885H,, — 50470563 H,—1,
8133723254F, = —63814659H, 3 + 224643688H,,+2 — 38196306H,,+1 + 102941665 H,
+117671587H,,—1 + 198713450H,, 2,
8133723254FE,, = 97014370H 42 — 229640283 Hp+1 — 216131630H,, — 329031026 H,,—1
—503247799H,,—2 — 829590567 H,,—3,
8133723254F,, = —35611543H,1 + 74911480H,, + 156040824 H,,_1 + 175852791 H,,_»

4237567503 H,,—3 + 1261186810H,, 4.
We now present a few special identities for the modified 6-primes sequence {E, }.
Theorem 4.1. (Catalan’s identity) For all integers n and m, the following identity holds
EngmBn-m —E5 = (Gnim — Gnim—1)(Gnem — Gnom-1) — (Gn — Gn_1)?
= (Gn(Gm —Gms1) + Gno1(—Gm + Gm—2) + Gn2(—Gm + Gm-1))

(Gn(anL - Glfm) + anl(_anL + G77VL72) + GTL72(_G1777L + G*’"L*].))
_(Gn - G'nfl)Q»

Proof. We use the identity
E, =Gn — Gn-1.

g

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the modified 6-primes
sequnce.

Corollary 4.1. (Cassini’s identity) For all integers numbers n and m, the following identity holds
En+1En—1 - E721 - (Gn+1 - Gn)(Gn—l - Gn—2) - (Gn - Gn—1)2~

The d’Ocagne’s, Gelin-Cesaro’s and Melham'’s identities can also be obtained by using E,, = G,, —
Gn—1. The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham'’s identities of modified
6-primes sequence {E,}.
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Theorem 4.2. Letn and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

Emt1En — EnEnt1 = (Gms1 — Gm)(Gn — Gr—1) — (G — Gm—1)(Gng1 — Gh).
(b) (Gelin-Cesaro’s identity)

En+2En+1EnflEn72_Eﬁ = (Gn+2_Gn+l)(Gn+l_Gn)(anl _Gn72)(Gn72_Gn73)_(Gn_an1)4-

(c) (Melham’s identity)
En+lEn+2En+6 - Efb+3 = (Gn+1 - Gn)(Gn+2 - Gn+1)(Gn+6 - Gn+5) - (Gn+3 - Gn+2)3-

Proof. Use the identity E,, = G,, — G,,—1. O

5 LINEAR SUMS

The following theorem presents some linear summing formulas of generalized Hexanacci numbers
with positive subscripts.

Theorem 5.1. Forn > 0, we have the following formulas:

(a) (Sum of the generalized Hexanacci numbers) If r1 +ro +r3 + 14+ 15 + 16 — 1 # 0 then

n

Ay
S
ri+re+r3t+rat+rs+re—1

k=0
where
A1 = Wiape+Q—r1)Ways + (1 —r1—ro)Woga + (1 —r1 — 12 — 73)Whys
+l=—r1—ro—rs3—ra)Whio+ (1 =11 — 12 — 13 — 74 — 75)Wht1
“Ws+(r1 —D)Wa+ (ri+72— 1)Ws 4+ (r1 +r2 + 73 — 1) Wha
+(ri+redrs+ra—)Wi+ (r1+ra 713 +ra+ 15 — 1)Wo.

(b) /f(m +r2+r3+r4+r5+r6—1)(r1—r2+r3—r4+r5—r6+1)7$0then

< A
> Wai = :
— (ri+retrs+ratrs+re—1)(r1—ra+r3—rat+rs—re+1)

where

Ay = —(ra+rat+re —1)Wonpo+(ra+rs+ri(ra+ra+76))Wontt
+(ra 476 +71(ra +13) — r2(ra + 716) + (ra 4+ 75) — (71 + 76)?) Wan
(15 —rars + (11 £ ra)rs 4 (11 + ra)re)Wano1 + (6 + (r1 4+ 78)1s — (72 + ra)rs + 15 — 75)Wan o
+re(ri+rs+7r5)Wana — (a4 s )Ws - (r2+ra+re+ (ri4 73 +15)r — 1H)Wa
+((rs +rs)r2 — (ra +re)r1 —ra —r5)W3
(st e+ (114 ra)rs — (e +re)r2 + (11 +13)7 — (r2 — 1)2)Wa + (=15 + (r2 + 7a)7s — (11 +13)rs) Wi
+(2r2 + 27y + 21105 + 2rars — Pars +Te — Fare + (11 +73)° — (P2 +74)° + 15 — 1)Wo.
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(c)
n
As
> Wokgr =
— (rm4re+rs+rat+rs+re—1)(ri—ra+r3—ra+rs—re+1)
where
Az = (r1 +73 +715)Wang2+((r2 +74 +76) — (r2 +ra +76)2 + (r3 +75)% +71(r3 +75))Want1
+ (1 —r2)(r3 +75) +71(ra +76)) Wan + ((r1 + 73)rs + 72 — (rg + rg)ra + (ra + 76) — (ra +716) %) Wan—1
+((1=(ra+ra))rs +(r1 +ra)re) Wan_o —re(ra+ra+re —1)Won_3+(ra+ra+16 — 1) W5
—((ra+75) + (r2 + 74 +76)r1) Wi + (2r2 + 14 + v + 7173 + 1175 — rars —rarg 4+ 71 — i — W3
—((1 —r2)rs +(r1 +ra)(ra +16)) W2
+(2r2 + 2r4 + 76 + TiT5 + Tars — rors — rare + r% + r::: + 2rirg — -r% — rf — 2rory — 1)W1 —re (r1 + 13 + 15) Wo.

Proof. The proof is given in Soykan [13].

The following proposition presents some formulas of generalized 6-primes numbers with positive
subscripts.

Proposition 5.1. Ifry = 2,70 = 3,r3 = 5,74 = 7,75 = 11,7¢ = 13 then for n > 0, we have the
following formulas:
@ 7o Vi = 2 (Varo—Vass—4Vigra—9IVni3 =16V, 2 — 27V, 41— Vs +Vi+4V3+9V2+ 16V +27V5).

(b) 7o Var = 5 (11Vany2 — 31Vany1 + 76Van — 59Van—1 + 44Von_o — 117Vap_5 + 9V5 — 20V, +
4V — 41Va — 417 — 63V)).

(©) > roVorsr = %(*9‘/27#2 +109Vap 41 —4Von +121Vay 1 +4Vay o +143Vap 3 — 11V5 + 31V, +
AVs + 59Va + 36V + 117Vo).

Proof. Take r1 = 2,72 = 3,73 = 5,74 = 7,75 = 11 in Theorem 5.1.

As special cases of above proposition, we have the following three corollaries. First one presents
some summing formulas of 6-primes numbers (take V,, = G, with Go = 0,G1 = 0,G2 = 0,G3 =
0,G4=1,G5 =2).

Corollary 5.1. For n > 0, we have the following formulas:

(a) ZZ:O G = i(G”ﬂLG — Gnts — 4Gn4a — 9Gn43 — 16Gry2 — 27Gpy1 — 1).
(b) Yh o Gor = 55 (11G2nt2 — 31G2nt1 + T6G2n — 59G2n—1 + 44Gan—2 — 117G2, 3 — 11).
(©) > iy Gokyr = %(—9G2n+2 + 109G2n+1 — 4G2y, + 121G2n—1 + 4G2n—2 + 143G2n—3 +9).

Second one presents some summing formulas of Lucas 6-primes numbers (take G, = H, with
Ho =6, Hy =2, H, = 10, H3 = 41, Hy = 150, Hs = 542).

Corollary 5.2. For n > 0, we have the following formulas:

(@ > o Hr = 35(Hnte — Hnys — 4Hnia — 9Hnys — 16Hn 2 — 2THp g1 + 56).
(b) S°p_o Hok = g5(11Honio — 31Hony1 + T6Hon — 59Ho,—1 + 44Hay o — 117Hap,—3 — 104).
() > r o Hort1 = 81*0(*9H2n+2 + 109H2n4+1 — 4Hop + 121Hop—1 + 4Hop—2 + 143Hopn—3 + 216).

Third one presents some summing formulas of modified 6-primes numbers (take H, = FE, with
Eo=0,E1=0,E2=0,F3=0,E; =1,E5 = 1).

Corollary 5.3. For n > 0, we have the following formulas:
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(a) Zk 0 Er = f(EnJrG — En+5 — 4En+4 — 9En+3 — 16En+2 — 27En+1).
(b) Y7 o B2k = &5 (11F2n42 — 31F2n41 + 76 B2y — 59F2n—1 + 44 B2y — 117E2,_3 — 20).
(€) > r_o Fok+1 = 55(—9Fa2ni2 + 109E2p 41 — 4E2n + 121 E2, 1 + 4E2n—2 + 143E2,_3 + 20).

The following Theorem presents some linear summing formulas of generalized Hexanacci numbers
with negative subscripts.

Theorem 5.2. Forn > 1, we have the following formulas:

(a) (Sum of the generalized Hexanacci numbers with negative indices) If r1+ra+rs+ra+rs+rs—1 #

0, then
;W_k i+t +A7"i+7'5+7"6_ 1
where
Ay = Wopgs+(ri—1D)Weoga+(ri+re—D)W_opnis+(ri+ra+rs — 1)W_ppo

+(rit+retrs+ra— D)W+ (ri+ratrs+ratrs —1)W_,
FWs+Q—ri)Wa+ (1 —r1—ra)Ws+ (1 =11 —re —r3)Wa
+(1—T1—7‘2—7"3—7‘4)W1+(1—’r‘1—7"2—7"3—7"4—7"5)Wo.

(b) If (T1—T2+T3—T4-|—7‘5—T6+1)(T1 +r2+r3+r4+r5+r6—1)5£0then

As
S
— (m—retrs—ratrs—re+1)(ri+ra+r3+rat+rs+re—1)
where
As = (rot+ra+rs— 1) W_oonia —(rat+rs+(ra+ra+r6)r1)Woonis

H(ra 416 — (ra+76)r2 + (ra + 715+ 1) — (12 — 1)*)W_gngo

—((r1 +ra)ra+ (r1 +73)re + (1 — r2)rs)Woznt1

+(re+2(ra+ra) + (r1+ra)rs — (rz +ra)re + (r1 + 7"3)-J —(rz2 + 7'4)2 - DW_ap
—re(ri+ra+rs)Woan1+(r1+ra+rs)Ws—(ra+ra+re+(ra+rs+ri)ri — )Wy

+((ra+76)r1 + (1 —1r2) (ra + 75))Wa + (—ra —rs — (r1 +ra)rs + (ra +r6)r2 — (71 +73)% + (r2 — 1)%)Wa
+(rs + (r1 4+ 73)r6 — (T2 +74)75) W

H(—re —2(ra+7a) —2(r1 +ra)rs + (ra +ra)re — (r1 + ra)? + (rz + 7‘4)2 —r8 + )Wy

(c)
TRk (ri—ro+rs—ra+rs—re+1)(ri+ra+rs+ra+rs+rs—1)
where
Ag = —(rm+ra+rs)Weanga+(ra+ra+re+ (ra+rs+ri1)ri — 1) Woonya

+((ra—1)(ra+rs) — (ra+re)r1) W_any2

+(ra+ 16+ (r+73)rs — (ra +re)re + (11 +713)° — (r2 — 1)) Wo2nta
(—rs—(r1+ra)re + (ra+ra)rs)Woan +1r6(ra+ra+16 — 1)W_tn1 — (r2a+ra+ 716 — 1)Ws

+(ra+ s+ (ra+ra +re)r)Wa+ (—ra — 16 — (ri 4+ T3 +75) 1 4 (ra 4+ 76)r2 + (12 — 1)) W3
(
=

+

+((ra +7r6)r1 + (1a +716)73 + (1 — 7r2)r5 )W

+(—re —2(ra +74) — (r1+r3)rs + (r2 + ra)re — (11 + 1'3)2 + (rz + 1‘4)2 + )Wy + re(r1 + ra + r5)Wo.
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Proof. The proof is given in Soykan [13].

The following proposition presents some formulas of generalized 6-primes numbers with negative
subscripts.

Proposition 5.2. Ifry = 2,70 = 3,73 = 5,74 = 7,75 = 11,7¢ = 13 then for n > 1, we have the
following formulas:

@ >, Vo= ﬁ(—anJrs +Vonta +4Vo s + 9V o + 16V 1 + 27V, + Vs — Vi — 4V5 —
9V, — 16Vy — 27Vj).

(b) Sr_ Gook = o5 (—11Voonia+31Voonis+4Voonio +59Voonq1 +36Voon + 117V 1 — Vs +
29V, — 4Vs + 41Va + 4V4 + 63V4).

() >r i Gokp1 = %(9V—2n+4 =29V 213 +4V_2ny2 — 41V op 1 —4V_ 9, — 143V 2, 1 +11V5 —
31V, — 4Vs — 59V, — 36V4 — 117V%).

Proof. Take r1 = 2,72 = 3,r3 = 5,74 = 7,75 = 11 in Theorem 5.2.

From the above proposition, we have the following corollary which gives sum formulas of 6-primes
numbers (take G,, = G, With Go = 0,G1 =0,G2 =0,G3 =0,G4 = 1,G5 = 2).

Corollary 5.4. Forn > 1, 6-primes numbers have the following properties.

@ >r Gk =55(-Gnis + G npa +4G_ni3+9G _ny2 + 16G_pny1 +27G_p, +1).
(b) >, Gor= %(_11G72n+4 +31G_2n43+4G_2n4+2+59G _2n41+36G_2n + 117G _2p—1 +11).
() >p i Gokp1= %(90—2n+4 —29G _2n+43+4G_ont2 — 41G_2pnt1 — 4G _2, — 143G _2n—1 — 9).

Taking G,, = H,, with Hy = 6, H, = 2, H» = 10, Hs = 41, H4 = 150, Hs = 542 in the last proposition,
we have the following corollary which presents sum formulas of 6-primes -Lucas numbers.

Corollary 5.5. For n > 1, 6-primes -Lucas numbers have the following properties.

(a) ZZ:l ka - i(_H—n-&-S + H—n+4 + 4H—n+3 + 9H—n+2 + 16H—n+1 + 27H—n - 56)
(b) >r ) H ok = g5(—11H 2n4a4+31H any3+4H 2p104+59H 25 11+36H 2, +11TH 2, 14104).
(c) Z::l H72k+l = 8*10(9H—2n+4 _29H—2n+3 +4H—2n+2 _41H—2n+1 _4H—2n - 143H—2n—1 _216)

From the above proposition, we have the following corollary which gives sum formulas of modified
6-primes numbers (take H,, = E,, with By =0,FE1 =0,FE; =0,E3 =0,E4s =1, E5 = 1).

Corollary 5.6. For n > 1, modified 6-primes numbers have the following properties.

(a) Z::l E_, = ﬁ(_Ef'rrFS + E77L+4 + 4E77L+3 + 9E77L+2 + 16E77L+1 + 27E7'n)-
(b) > r  E ok = %(711E—2n+4 +31E _on43+4E _on42+59E _2n41+36E 2, +117TE_3,_1+20).
(C) 22:1 E72k+1 = %(9E72n+4 — 29E72n+3 + 4E72n+2 — 41E72n+1 —4F_9, —143FE_5,,_1 — 20).

6 MATRICES RELATED WITH GENERALIZED 6-PRIMES
NUMBERS

Matrix formulation of W,, can be given as

Wais ki ko ks ka ks ke \ [/ Ws
Wta 1 0 0 0 0 O W,
Wags | | 0 1 0 0 0 0 Ws 6.1)
Wote 0 0 1 0 0 0 Wa '
Wit 0 0 0 1 0 0 128}

W 0 0 0 0 1 0 Wo
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For matrix formulation (6.1), see [14]. In fact, Kalman give the formula in the following form

n

Whn 0 1 0 0 0 0 Wo
Wit 0 0 1 0 0 0 Wi
Wi io 0 0 0 1 0 0 W
Wiats 0 0 0 0 1 0 Ws
Wita 00 0 0 0 1 Wi
Whts ki ko ks ki ks ke Wi
We define the square matrix A of order 6 as:
2 3 5 7 11 13
1 0 0 0 O 0
01 0 0 O 0
A= 0 0 1 0 O 0
0O 0 0 1 0 0
0 0 0 0 1 0
such that det A = —13. From (1.4) we have
Viis 2 3 5 7 11 13 Vita
Visd 1000 0 © Vits
Vags [_| 0100 0 0 Viso 6.2)
Vita 0 0 1 0 O 0 Vg1
Va1 0 0 0 1 0 0 Vi
Va 0 0 0 0 1 0 V-1
and from (6.1) (or using (6.2) and induction) we have
Vits 2 3 5 7 11 13 Vs
Vata 1 0 0 0 O 0 Vi
Vars | [ 01 00 0 o Vs
Vita o 0 0 1 0 O 0 Vs
‘/n+1 0 0 O 1 0 0 ‘/1
Vi 0 0 0 0 1 0 Vo
If we take V,, = G, in (6.2) we have
Gnts 2 3 5 7 11 13 Gnta
Ghta 1000 0 O Ghss
Gugs | _[ 0100 0 o Gtz 6.3)
Ghto 0010 0 O Gt
Gria 0001 0 0 G
Gn 0 0 0 0 1 0 Gn-1
We also define
4 3 2 1
Gnya 2 Tr2Gnys—k kz Th+3Gni3—k kE ThtaGnts—k kz Tk45Gni3—k  T6Gnt3
= =0 =0 =0
5 4 3 2
Gny3 kzl Te41Gni3—k kzl Thy2Gnys—k 2 Th43Gni3—k kzl ThtaGnis—k  T6Gnt2
"6 5 1 3
Gn42 kz2 TeGnisz—k 2 Tk+1Gnis—k kZQ Th42Gnys—k 2 Th+3Gnt3—k  T6Gnt1
B = 7 =5 5 1
Gnt1 2 mh-1Gnyz—k 2 TkGnisz—k > Tk41Gnys—k 2 Tei2Gris—k 76Gn
k§3 ?:3 k:g k§3
Gn 2 mh—2Gny3—k 22 Tk—1Gni3-k 22 TkGnisz—k 2 Tk+1Gnis—k  T6Gn-1
k§4 k§4 ?:4 :6
Gn-1 >3 7k—3Gnt3—k > Tk—2Gnis—k > Th-1Gnys—k 2 TkGnyz—k  16Gn-2

k=5

k=5
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and
4 3 2 1
Vita 20 tht2Vags—k 2 "e43Vaas—k 2 ThtaVags—k 2 Tht5Vats—k  76Vat3
k=0 k=0 k=0 k=0
5 4 3 2
Vies 2 Tt Vats—k 2 "et2Vats—k 2 Tht3Vags—k 2 ThtaVats—k  76Vai2
E=1 h=1 h=1 h=1
6 5 4 3
Viyz TeVats—k 2 Tht1Vats—k 2 Tkt2Vats—k 2 Th+3Vats—k  T6Vat1
C. = k=2 k=2 k=2 k=2
n = 7 6 5 4
Vat1 20 Tk—1Vnts—k > Tk Vints—k > Tkt1Vats—k 2 Tkt2Vagsz—k  T6Va
k=3 k=3 k=3 k=3
8 7 6 5
Vo X rmk—2Vags—k > mk—1Vats—k 2 TkVats—k 2 Tk+1Vats—k  T6Va—1
k=4 k=4 k=4 k=4
9 8 7 6
Vact o X me—aVays—k 2 me—2Vays—k 2 mk—1Vags—k 2 TkVays—k TeVa—2
k=5 k=5 k=5 k=5
where

71 :277'2 :3,7'3 :5,1"4 :7,7’5 = 117T6 =13.

Theorem 6.1. For all integer m,n > 0, we have
(a) B, =A".

(b) C1A™ = A"Ch.

(¢) Crnym = CpBy = BpCh.

Proof.

(a) By expanding the vectors on the both sides of (6.3) to 6-colums and multiplying the obtained on
the right-hand side by A, we get
B, = AB,_1.

By induction argument, from the last equation, we obtain
B, =A"""B.
But B, = A. It follows that B,, = A™.
(b) Using (a) and definition of C4, (b) follows.

(c) We have C,, = AC,,_1. From the last equation, using induction we obtain C,, = A"~ 'C,. Now
Cogm = A" 710 = AVHA™C, = AVTICLA™ = Cu B

and similarly
Cntm = BnCr. O

Some properties of matrix A™ can be given as
A" = 24" £ 3A" 2 £ 5A 3 L TAMT 411470 413476

and
An+m — AnAm — AmAn

and
det(A™) = (—13)"

for all integers m and n.

28



Soykan; ACRI, 20(6): 12-30, 2020; Article no.ACRI.60386

Theorem 6.2. Form,n > 0, we have

6—1 6—1
Vn+m - VnGm+4 + Z ani <Z Tj+iGm+4j> (64)

=1 Jj=1
= VnGm+4 + anl(SGm+3 + 5Gm+2 + 7Gm+l + 11Gm + 13Gm71)
+Vn72(5Gm+3 + 7Gm+2 + 11Gm+1 + 13Gm) + Vn73(7Gm+3 + 11Gm+2 + 13Gm+1)

+Viea(11G 43 + 13Gmt2) + 13Vii—5G 3.
Proof. From the equation C),+., = C\, B, = B, C,, we see that an element of C,,+., is the product
of row C,, and a column B,,. From the last equation we say that an element of C,,,, is the product

of a row C,, and column B,,. We just compare the linear combination of the 2nd row and 1st column
entries of the matrices Cr+» and C,, Br.. This completes the proof. O

Remark 6.1. By induction, it can be proved that for all integers m,n < 0, (6.4) holds. So for all
integers m, n, (6.4) is true.

Corollary 6.1. For all integers m,n, we have

6—1 6—1
Gn+m = GnGm+4 + Zanl <Z Tj+iGm+4j> 5 (65)
i=1 j=1
6—1 6—1
Hn+m = H,Gmya+ ZHn_i < 7“]'+7;Gm+4_j> s (66)
i=1 j=1
6—1 6—1
En+m = EnGm+4 + ZE'rz—i < 7",7'+iGm+4—j> . (67)
i=1 j=1
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